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ABSTRACT

Evaluating hypothetical statements about how the world would be had a different
course of action been taken is arguably one key capability expected from mod-
ern Al systems. Counterfactual reasoning underpins discussions in fairness, the
determination of blame and responsibility, credit assignment, and regret. In this
paper, we study the evaluation of counterfactual statements through neural models.
Specifically, we tackle two causal problems required to make such evaluations,
i.e., counterfactual identification and estimation from an arbitrary combination of
observational and experimental data. First, we show that neural causal models
(NCMs) are expressive enough and encode the structural constraints necessary
for performing counterfactual reasoning. Second, we develop an algorithm for
simultaneously identifying and estimating counterfactual distributions. We show
that this algorithm is sound and complete for deciding counterfactual identification
in general settings. Third, considering the practical implications of these results, we
introduce a new strategy for modeling NCMs using generative adversarial networks.
Simulations corroborate with the proposed methodology.

1 INTRODUCTION

Counterfactual reasoning is one of human’s high-level cognitive capabilities, used across a wide
range of affairs, including determining how objects interact, assigning responsibility, credit and
blame, and articulating explanations. Counterfactual statements underpin prototypical questions of
the form "what if-" and "why-", which inquire about hypothetical worlds that have not necessarily
been realized (Pearl & Mackenziel [2018])). If a patient Alice had taken a drug and died, one may
wonder, "why did Alice die?"; "was it the drug that killed her?"; "would she be alive had she not
taken the drug?". In the context of fairness, why did an applicant, Joe, not get the job offer? Would
the outcome have changed had Joe been a Ph.D.? Or perhaps of a different race? These are examples
of fundamental questions about attribution and explanation, which evoke hypothetical scenarios that
disagree with the current reality and which not even experimental studies can reconstruct.

We build on the semantics of counterfactuals based on a generative process called structural causal
model (SCM) (Pearl, 2000). A fully instantiated SCM M* describes a collection of causal mecha-
nisms and distribution over exogenous conditions. Each M* induces families of qualitatively different
distributions related to the activities of seeing (called observational), doing (interventional), and
imagining (counterfactual), which together are known as the ladder of causation (Pearl & Mackenzie|
2018}, |Bareinboim et al., [2022)); also called the Pearl Causal Hierarchy (PCH). The PCH is a contain-
ment hierarchy in which distributions can be put in increasingly refined layers: observational content
goes into layer 1 (£;); experimental to layer 2 (L2); counterfactual to layer 3 (L3). It is understood
that there are questions about layers 2 and 3 that cannot be answered (i.e. are underdetermined), even
given all information in the world about layer 1; further, layer 3 questions are still underdetermined
given data from layers 1 and 2 (Bareinboim et al., 2022; [[beling & Icard, |2020).

Counterfactuals represent the more detailed, finest type of knowledge encoded in the PCH, so
naturally, having the ability to evaluate counterfactual distributions is an attractive proposition. In
practice, a fully specified model M* is almost never observable, which leads to the question — how
can a counterfactual statement, from L3, be evaluated using a combination of observational and
experimental data (from £} and £3)? This question embodies the challenge of cross-layer inferences,
which entail solving two challenging causal problems in tandem, identification and estimation.
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On another thread in the literature, deep learning methods have achieved outstanding empirical
success in solving a wide range of tasks in elds such as computer vision (Krizhevsky et al., 2012),
speech recognition (Graves & Jaifly, 2014), and game playing (Mnih et al., 2013). One key feature
of deep learning is its ability to allow inferences to scale with the data to high dimensional settings.
We study here the suitability of the neural approach to tackle the problems of causal identi cation
and estimation while trying to leverage the bene ts of these new advances experienced in non-causal
settingsE] The idea behind the approach pursued here is illustrated iE]Fig. 1. Speci cally, we will

search for a neural mod®! (r.h.s.) that has the same generative capability of the true, unobserved

SCMM (l.h.s.); in other words should be able to generate the same observed/inputted data,
ie,Ly=L,andL, = L,.P|To tackle this task in practice, we use an inductive bias for the neural
model in the form of a&ausal diagranm(Pear|| 2000; Spirtes et gl., 2000; Bareinboim & Bearl, 2016),
which is a parsimonious description of the mechanisitg) @nd exogenous conditionB (U )) of

the generating SCI\E] The question then becomes: under what conditions can a model trained using
this combination of qualitative inductive bias and the available data be suitable to answer questions
about hypothetical counterfactual worl@s, if we had access to the trive ?

There exists a growing literature that leverages modern neural methods to solve causal inference
tasks! Our approach based on proxy causal models will answer causal queries by direct evaluation

through a parameterized neural moBel tted on the data generated by E] For instance, some
recent work solves the estimation of interventionigl)(or counterfactuall(z) distributions from
observationall(;) data in Markovian settings, implemented through architectures such as GANs,
ows, GNNs, and VGAEs|(Kocaoglu et al., 20118; Pawlowski et [al., 2020; Zeceviclet al.| 2021,
Sanchez-Martin et &l., 20R1). In some real-world settings, Markovianity is a too stringent condition
(see discussion in App. 0.4) and may be violated, which leads to the separation between layers 1 and
2, and, in turn, issues of causal identi cati(ﬁ'nThe proxy approach discussed above was pursued in
Xia et al| (2021) to solve the identi cation and estimation of interventional distributibasffom
observational datd ;) in non-Markovian settingﬂ This work introduced an object we leverage
throughout this paper calledeural Causal Mode(NCM, for short), which is a class of SCMs
constrained to neural network functions and xed distributions over the exogenous variables. While

1 One of our motivations is that these methods showed great promise at estimating effects from observational
data under backdoor/ignorability conditions (Shalit €t al., 2017; Louizos| et al.| 2017; Li|& Fu,[2017; Johansson
et al|[2016; Yao et al., 2018; Yoon et al., 2018; Kéllus, 2020; Shilet al.,[2019; Du|et al,/ 2020; Gup et al., 2020).

“This represents an extreme case wheré allandL ;-distributions are provided as data. In practice, this
may be unrealistic, and our method takes as input any arbitrary subset of distributioris:freomdL ».

3When imposed on neural models, they enforce equality constraints connecting layer 1 and layer 2 quantities,
de ned formally through theausal Bayesian netwo)CBN) data structure (Bareinboim et|al., 2022, Def. 16).

“In generalM does not need to, and will not be equal to the true SGM.

SLayer 3 differs from lower layers even in Markovian models;|see Bareinboin et al.|(2022, Ex. 7).

fwitty et al| (2021) shows a related approach taking the Bayesian route; further details, see Appendix C.
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NCMs have been shown to be able to solve the identi cation and estimation tadks fpreries,
their potential for counterfactual inferences is still largely unexplored, and existing implementations
have been constrained to low-dimensional settings.

Despite all the progress achieved so far, no practical methods exist for estimating counterfactual
(L 3) distributions in the general setting where an arbitrary combination of observatior)arfd
experimentall(,) distributions is available, and unobserved confounders exist (i.e. Markovianity
does not hold). Hence, in addition to providing the rst neural method of counterfactual identi cation,
this paper establishes the rst general counterfactual estimation technique even among non-neural
methods, leveraging the neural toolkit for scalable inferences. Speci cally, our contributions are:
1. We prove that when tted with a graphical inductive bias, the NCM encodek sheonstraints
necessary for performing counterfactual inference (Thm. 1), and that they are still expressive enough
to model the underlying data-generating model, which is not necessarily a neural network (Thm. 2).
2. We show that counterfactual identi cation within a neural proxy model setting is equivalent to
established symbolic approaches (Thm. 3). We leverage this duality to develop an optimization
procedure (Alg. 1) for counterfactual identi cation and estimation that is both sound and complete
(Corol. 2). The approach is general in that it accepts any combination of inputd framdL », it

works in any causal diagram setting, and it does not require the Markovianity assumption to hold.

3. We develop a new approach to modeling the NCM using generative adversarial networks (GANS)
(Goodfellow et al., 2014), capable of robustly scaling inferences to high dimensions (Alg. 3). We
then show how GAN-NCMs can solve the challenging optimization problems in identifying and
estimating counterfactuals in practice. Experiments are provided in Sec. 5 and proofs in Appendix A.
All supplementary material can be found in the full technical report (Xia et al., 2022).

Preliminaries. We now introduce the notation and de nitions used throughout the paper. We use
uppercase letter¥() to denote random variables and lowercase letterso(denote corresponding
values. Similarly, bold uppercask J and lower casex() letters are used to denote sets of random
variables and values respectively. We Ose to denote the domain of andDx = Dy, D «x,

for the domain ofX = fXq;:::; Xxg. We denotéP (X = x) (which we will often shorten t@(x))

as the probability oK taking the values under the probability distributioR (X).

We utilize the basic semantic framework of structural causal models (SCMs), as de ned in (Pearl,
2000, Ch. 7). An SCMM consists of endogenous variabMs exogenous variabled with
distributionP (U ), and mechanisms . F contains a functiofiiy, for each variablé/; that maps
endogenous paren®ay, and exogenous parerits,, to Vi. EachM induces a causal diagra@)

where every; 2 V is a vertex, there is a directed arrgw ! Vi) foreveryV; 2 V andV; 2 Pay,,

and there is a dashed-bidirected ari®jy L9999KV; ) for every pairVi;V; 2 V such thay, and

Uy, are notindependent. For further details, see (Bareinboim et al., 2022, Def. 13/16, Thm. 4). The
exogenoudJ y, 's are not assumed independent (i.e. Markovianity is not required). Our treatment is
constrained t@ecursiveSCMs (implying acyclic causal diagrams) with nite domains ovefsee

Apps. A/E for details). Each SCMI assigns values to each counterfactual distribution as follows:

De nition 1 (Layer 3 Valuation) An SCMM induces layet 3(M ), a set of distributions oveyr ,
each with the fornP (Y )= P(Y 121]; Y 21x,]::: ) such that

PM (Vx5 Yarxo]iii0) = 1Y (U) =y Yo, (u) = yai 0 dP(u); 1)

U

wherey . 1(u) is evaluated undeffy, == ffy, 1V 2V nX;g[f fx X:X 2 Xjg.

EachY ; corresponds to a set of variables in a world where the original mechahjsrage replaced
with constantx; for eachX 2 Xj; this is also known as the mutilation procedure. This procedure
corresponds to interventions, and we use subscripts to denote the intervening variabkg Yerg.
subscripts with brackets when the variables are indexedYe.g, ;). For instanceP (yx; y%) is the
probability of the joint counterfactual eve¥it= y hadX beenx andY = y®hadX beenx’.

SCMM ; is said to beP(-1)-consistent (for short, -consistent) with SCM 1 if Lij(M 1) =
Li(M 2). We will useZ to denote a set of quantities from Layer 2 (Ze= fP(V ,,)9,-; ), and we
useZ(M ) to denote those same quantities induced by &€Mi.e. Z(M ) = fPM (V4 )0, ).

We use neural causal models (NCMs) as a substitute (proxy) model for the true SCM, as follows:
De nition 2 (G-Constrained Neural Causal Mod&-\NCM) (Xia et al., 2021, Def. 7)) Given a
causal diagran, a G-constrained Neural Causal Model (for sh@tNCM) K1 () over variables/
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with parameters = f v, : Vi 2 V gisan SCMhB; Vv ; B; B(0)i suchthatd = 8 : C 2 C(G)g,
whereC(G) is the set of all maximal cliques over bidirected edge§oandDy = [0; 1] for all
02 ll.f); P = ff'\\,i :V; 2 Vg, where eachl’\v‘ is a feedforward neural network parameterized by
v; 2 mapping values o)y, [ Pay, to values ofV, for Uy, = fbc :Bc 2 B stV 2 Cgand
Pay, = Pag(V;); P(8)isdeneds.t8 Unif(0;1) for eachB 2 B.

2 NEURAL CAUSAL MODELS FORCOUNTERFACTUAL INFERENCE

We rst recall that inferences about higher layers of the PCH generated by the trueM5Chlannot

be made in general through an NO®! trained only from lower layer data (Bareinboim et al., 2022;
Xia et al., 2021). This impossibility motivated the use of the inductive bias in the form of a causal
diagramG in the construction of the NCM in Def. 2, which ascertains that@monsistency property
holds. (See App. D.1 for further discussion.) We next de ne consistency w.r.t. to each layer, which
will be key for a more ne-grained discussion later on.

De nition 3 (G)-Consistency) Let G be the causal diagram induced by the S&M . For
any SCMM , M is said to beG(t)-consistent (w.r.tM ) if L;(M ) satis es all layeri equality
constraints implied bys.

This generalization is subtle since regardless of whiclis used with the de nition, the causal
diagramG generated by is the same. The difference lies in the implied constraints. For instance,

if an SCMM is G{-1)-consistent, that means th@tis a Bayesian network for the observational
distribution ofM , implying independences readable through d-separation Pearl (1998).idf
G(-2)-consistent, that means thais aCausal Bayesian netwoCBN) (Bareinboim et al., 2022,

Def. 16) for the interventional distributions & . While several SCMs could share the same
d-separation constraints &t , there are fewer that share &l constraints encoded by the CB&:
consistency at higher layers imposes a stricter set of constraints, narrowing down the set of compatible
SCMs. There also exist constraints of layer 3 that are important for counterfactual inferences.

To motivate the use of such constraints, consider an example inspired by the multi-armed bandit
problem. A casino has 3 slot machines, labeled “0", “1", and “2". Every day, the casino assigns
one machine a good payout, one a bad payout, and one an average payout, with chances of winning
represented by exogenous variallles U , andU-, respectively. A customer comes every day and
plays a slot machineX represents their choice of machine, ahds a binary variable representing
whether they win. Suppose a data scientist creates a model of the situation, and she hypothesizes
that the casino predicts the customer's choice based on their rifgppland will always assign the
predicted machine the average payout to maintain pro ts. Her model is described by th&1SCM

8
U =fUw;Us+;U=;U gUy 2f0;1;2g;U,;U-;U 2f0;1g
%V :EX;Yg;X 210;1,2g,Y 21f0;1g
fx (um) = Hwm
M 0= E =§ <U= X= Uy 2)
2fy(Xum;ussu=;u ) = u x=(uy 1)%3
' “ur x=(uy +1)%3

"P(U): P(Uu=i)= };P(U;=1)=0:6P(U-=1)=0:4P(U =1)=0:2

It turns out that in this mode® (yx) = P(y j x). For exampleP(Y =1 j X =0) = P(U-
1) = 0:4, andP(Yx= =1) = P(Uy =0)P(U=- =1)+ P(Uy =1)P(U =1)+ P(Uy
2P(Us =1)= %(O:4)+ %(0:2)+ %(0:6) =0:4.

Suppose the true mod#M employed by the casino (and unknown by the customers and data
scientist) induces grap= fX ! Yg. Interestingly enoughyl °would beG-2)-consistent with

M sinceM Cis compatible with alL ,-constraints, includin® (yx) = P(y j x) andP (xy) = P(x).
However, and perhaps surprisingly, it would fail to®¢ 3)-consistent. A further constraint implied
by G on the third layer is tha® (yy j X% = P (yx), which is not true oM °. To witness, note that
P(Yx=0 =1jX =2)= P(U: =1)=0:6inM ° which means that if the customer chose
machine 2, they would have had higher payout had they chosen machine 0. This does not match
P(Yx =0 =1) =0 :4, computed earlier, sM °fails to encode thé& 3-constraints implied by.
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In general, the causal diagram encodes a family ptonstraints which we
leverage to make cross-layer inferences. A more detailed discussion can be
found in Appendix D. We show next that NCMs encodes all of the equality
constraints related tbs, in addition to the knowih >-constraints.

Theorem 1 (NCM G-3)-Consistency) Any GNCM K ( ) is Gt3)-
consistent.

This will be a key result for performing inferences at the counterfactual

level. Similar to how constraints about layer 2 distributions help bridge

the gap between layers 1 and 2, layer 3 constraints allow us to extend our

inference capabilities into layer 3. (In fact, most.af's distributions are not

obtainable through experimentation.) While this graphical inductive bia§igure 2:  Model-
powerful, the set of NCMs constrained Byis no less expressive than théheoretic visualization
set of SCMs constrained I, as shown next. of Thms. 1 and 2.

Theorem 2 (L 3-G Expressiveness)For any SCMM  that induces causal diagrai@, there exists a
GNCMM ()= hB;V;B;B(0)i s.t. M is Ls-consistent w.r.tM

This result ascertains that the NCM class is as expressive, and therefore, contains the same generative
capabilities as the original generating model. More interestingly, even if the originall8CMoes
not belong to the NCM class, but from the higher space, there exists a MCN) that will be
capable of expressing the collection of distributions from all layers of the PCH induced by it.

A visual representation of these two results is shown in Fig. 2. The space of all SCMs is called
and the subspace that contains all SOB$ 1) -consistent w.r.t. the true SCM  (black dot) is
called (G-). Note that theG-) space shrinks with higher layers, indicating a more constrained
space with fewer SCMs. Thm. 1 states thaGNCMs (( G)) are within  (G-2)), and Thm. 2
states that all SCMs in (G-3)) can be represented by a correspondBayCM on all three layers.

It may seem intuitive that th&-NCM has these two properties by construction, but these properties

are nontrivial and, in fact, not enjoyed by many model classes. Examples can be found in Appendix
D. Together, these two theorems ensure that the NCM has both the constraints and the expressiveness
necessary for counterfactual inference, elaborated further in the next section.

3 NEURAL COUNTERFACTUAL IDENTIFICATION

The problem of identi cation is concerned with determining whether a certain quantity is computable
from a combination of assumptions, usually encoded in the form of a causal diagram, and a collection
of distributions (Pearl, 2000, p. 77). This challenge stems from the fact that even though the space of
SCMs (or NCMs) is constrained upon assuming a certain causal diagram, the quantity of interest
may still be underdetermined. In words, there are many SCMs compatible with the same digram
but generate different answers for the target distribution. In this section, we investigate the problem
of identi cation and decide whether counterfactual quantities (flogh can be inferred from a
combination of a subset &f, andL ; datasets together witg, as formally de ned next.

De nition 4 (Neural Counterfactual Identi cation)Consider an SCMM  and the corresponding
causal diagran®. LetZ = fP(V,, )g,-, be acollection of available interventional (or observational
if Zx = ;) distributions fromM . The counterfactual que®(Y =y jX = x )is saidtobe
neural identi able (identi able, for short) from the set Gconstrained NCMg G) andZ if and

onlyif PMi(y jx )= P™2(y jx ) forevery pair of model#l,; M, 2 ( G) s.t. they match
M on all distributions irzZ (i.e.Z(M )= Z(M 1) = Z(M ) > 0).

From a symbolic standpoint, a counterfactual quamify j x ) is identi able fromGandz if all

SCMs that induce the distributions dfand abide by the constraints Gfalso agree oR(y j X ).

This is illustrated in Fig. 3. In the de nition above, the search is constrained to the NCM subspace
(shown in light gray) within the space of SCMs (dark gray). It may be concerning that the true SCM

M might not be an NCM, as we alluded to earlier. The next result ascertains that identi cation within

the constrained space of NCMs is actually equivalent to identi cation in the original SCM-space.

Theorem 3 (Counterfactual Graphical-Neural Equivalence (Dual ID)gt ; be the spaces
including all SCMs and NCMs, respectively. Consider the true $CMand the corresponding
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causal diagranG. LetQ = P(y | x ) be the target query and the set of observational and
interventional distributions available. The®, is neural identi able from ( G) andZ if and only if it
is identi able fromGandZ.

Interestingly, this result connects the new concept of
neural counterfactual identi cation (Def. 4) with estab-
lished non-neural results. If a counterfactual quantity
determined to be neural identi able, then it is also iden
ti able from G andZ through other non-neural means, g,

and vice versa.Practically speaking, counterfactual in- N
ference can be performed while constrained in the NCJv
space, and the obtained results will be faithful to existing

symbolic approaches. This broadens the previous results
connecting NCMs to classical identi cation. (L1:L2) pisBitions

Corollary 1 (Neural Counterfactual Mutilation (Opera-; . o ;
tional ID)). Consider the true SCMI 2 |, causal Z:}gdur(e g) I;(]}(/)r);;dggt&ﬂal\tzle fr;m z
diagramG, a set of available distribution&, and a tar-

M . and NCMs M 1;@1, 2 (top left),
get quenQ equal toP™ (y jx ). LetM 2 ( G) be M1;M2; M  matchinZ (bottom left) and

a G-constrained NCM such th&(® )= Z(M ). IfQ :
o ; ; ._ G (top right), then the NCM#!1 ., ¥, also
is identi able fromG andZ, thenQ is computable via match inP (y ) (bottom right).

Eq. 1 fromM .

’ tural Assumptions
6TEp) &)
—

'A

pe Yy jx )=
sz(y jx )

Counterfactual
(L3) “""Query

Corol. 1 states that once identi cation is established, the counterfactual query can be inferred through
the NCMM , as if it were the true SCNW , by directly applying layer 3's de nition td/ (Def. 1).
Remarkably, this result holds evenNf does not matclt¥l in either the mechanisns or the
exogenous dist (U), and it only requires some speci ¢ propertigd’3)-consistency, matching,

and identi ability. Without these properties, inferences performeomould bear no meaningful
information about the ground truth. To understand this subtlety, refer to examples in App. D.

Building on these results, we demOﬂStra-I@gorithm 1: NeurallD — Identifying/estimating counterfactual
through the procedurdleurallD (Alg. 1) queries with NCMs.

how to decide the identi ability of counter-  input :cqauuesrgl%i;ggr% jx ), L2 datasetZ(M ), and
factual quantities. The speci ¢ optimization Output: PM (y ix ) ifidenti able, FAIL otherwise.
procedure searches explicitly in the space of

NCMs for two models that respectively mint ®  NCMV.©) _ II"from  Def. 2
imize and maximize the target query whilg mn @9mn P M( 'y ix )stz®( )=z )
maintaining consistency with the provided® m agmax P );y x)stz(M( )= zM )
data distributions irZ. If the two models ¢ 'f‘P réwmr'r”] )é)’MLJX )6 PP Cmac)(y jx ) then

match in the target quer, then the effect & else
is identi able, and the value is returned; oth+ L retum P® Cmin )(y jx ) /I choose min or max
erwise, the effect is non-identi able. arbitrarily

The implementation of how to enforce these consistency constraints in practice is somewhat chal-
lenging. We note two nontrivial details that are abstracted away in the description of Alg. 1. First,
although training to t a single, observational dataset is straightforward, it is not as clear how to
simultaneously maintain consistency with the multiple datasefs Becond, unlike with simpler
interventional queries, it is not clear how to search the parameter space in a way that maximizes or
minimizes a counterfactual query, which may be more involved due to nestin@’(©g, _, )) or
evaluating the same variable in multiple worlds (2dYx =0 ; Yx =1 )). The details of how to solve

these issues are discussed in Sec. 4.

Interestingly, this approach is qualitatively different than the case of classical, symbolic methods that
avoid operating in the space of SCMs directly. Still, in principle, this alternative approach does not
imply any loss in functionality, as evident from the next result.

Corollary 2 (Soundness and Completenedsgt  be the set of all SCM$] 2 be the true
SCM inducing causal diagra®, Q = P(y j x ) be a query of interest, ar@ be the result from

"We say identi cation fromG andZ instead of (G) andZ because existing symbolic approaches (e.g.
do-calculus) directly solve the identi cation problem on top of the graph instead of the space of SCMs.
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running Alg. 1 with inputZ(M ) > 0, G, andQ. ThenQ is identi able fromG andZ if and only if
& is notFAIL . Moreover, if@ is notFAIL , then® = PM (y jx ).

In words, the procedurbleurallD is both necessary and suf cient in this very general setting,
implying that for any instances involving any arbitrary diagram, datasets, or queries, the identi cation
status of the query is always classi ed correctly by this algorithm.

4 NEURAL COUNTERFACTUAL ESTIMATION

We developed a procedure for identifying counterfactUgorithm 2: NCM Counterfactual Sampling
quantities that is both sound and complete under ideal COTrg5 ~New

ditions —e.qg., unlimited data, perfect optimization, which is M ()= hb;v:®;pP )i,
encouraging. In this section, we build on these results and §°”f‘:terxfa°’tgj‘r;béfg{‘gg§gg;

establish a more practical approach to solving these taskgutput: m samples fronP® (Y jx )

under imperfect optimization and nite samples. ,
1 Function M .sample( Y ,x ,m):
S -

Consider &5NCM M constructed as speci ed by Def. 2.2 while jSj <m do

Any counterfactual statemeMt = (Y 1x,1; Y ox,15::0) 4 b P(b).sample(
can be evaluated from an NCM for a speci ¢ setting of 5 "[( ms( ;Ejb)Y:m): )‘htf“
B=0 by computing the corresponding valuesYof in add( )
the mutilated submodd&l, for eachi. That s, 7 return S;

Y )= (Y )Y i) @)

Then, sampling can be done following the natural approach delineated by Alg. 2. In words, the
distributionP (Y j x ) can be sampled from NCMll by (1) sampling instances cET(lD), 2)

computing their corresponding value f8r (via Eq. 3) while rejecting cases that do not match
and (3) returning the corresponding value Yor (via Eq. 3) for the remaining instances.

Following this procedure, a counterfacti®Y =y jX = x ) can be estimated from the NCM
through a Monte-Carlo approach, instanti%ting Eq. 4 as follows:

P
i 1HY""(bL): y ;xm(b{): X

P (y | : 4
v 1) ij:ll X® (b)) = x ®

wheref bj g'L; are a set om samples fronP(Lt)).

Alg. 3 demonstrates how to solve the challenging optimization task in lines 2 and 3 of Alg. 1.

The rst step is to learn parameters such that the distributions induced by the MQOffatch
the true distributions |rZ While Alg. 1 describes the inputs in the form bf-distributions,
Z(M )= fPM (V,)g-; . in most settings, one has the empirical versions of such distributions

in the form of nite datasetsiPM (V,,) = fv,,.i g™ G, -

One way to train¥l to matchM in the distributionP (V ,, ) is to compare the distribution of

data points ifbM (V 2, ) with the distribution of samples frod , e (V z,). The two empirical
distributions can be compared using a divergence fun&@ionwhich returns a smaller value when

the two distributions are “similar”. The goal is then to minime(lb'qI V2. ) M (V) for

taken to train the NCM, anBp is computed using a discriminator network.

In addition to tting the datasets, the second challenge of Alg. 1 is to simultaneously maxi-
mize or minimize the query of intereQ = P(y | x ). This can be done by rst comput-

ing samples ofP(Y j x ) from M via Alg. 2, denotedd, and then minimizing (or maxi-

mizing) the “distance” betwee® and ®. Essentially, samples frotd are penalized based
on how similar they are to the correct valugs. For example, if the query to maximize is

P(Y = 1), and a value of 0.6 is sampled f¥r from K, then the goal could be to minimize
squared error(1  0:6)2. In general, a distance metr2, is used to compute the distance

betweend and Q, and we use log loss fdDg as our experiments involve binary variables.

7
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Figure 4. Experimental results on deciding identi ability on counterfactual queries with NCMs.
GAN-NCM (green) is compared with MLE-NCM (orange) for settings wdtkr 1. GAN-NCM
performance is also shown fdr= 16 (dashed green). Blue (resp. yellow) backgrounds on plots
correspond to a ground truth of ID (resp. non-ID). ID cases are numbered for reference in later plots.

For this reason, an NCM trained with thiggorithm 3: Training Model
approach will be referred as@AN-NCM 8 Input : Dataf ®M (V)= fv,, i gl G-y, query

More details about architecture and hyperpa- 8aio§a(1x1pjl(>a(m)’riaaguuslglrigiai%sﬁngl’:g?elregfrr’:i/lr?gme
rameters used throughout this work can be rate , training epochd '

found in Appendix B. 1M NCMY:G) /I from Def. 2

- . Initiali tersmn and
PuttingDp andDq together, we can write that 5 o 1 e g ™" o ™

the objectivel  K1; fBM (V, )G, is & | Emo Olmec 0

5 1to" do
1 /I Sample via Alg. 2
X . 6 Brin (V z,) M ( min ):sample( Vz, ;ink)
DP bzni] 1|:bz’\f DQ @1 Q ; 7 Brnax (Vz) M ( max ):sample( Vi, ink)
k=1 8 L min
(5) Lmin + Dp B (Vzk);rbM (Vz)
where is initially set to a high value, and ¢ L max
decreases during training. Optimization may Lmax + Do Bra (V)i BM (V4,)

be done using gradient descent. After trainin%, - , _

. Quin B ( min ):sample( Y ;m)
the two values o induced bYM ( min) @and 1, | @, ©( me ):sample( Y :m)
M ( max ) are compared with a hypothesistest- | # L from Eq. 5
ing procedure to decide identi ability. Eq. 412 Lwmin  Lmin Do @min :Q
is used a®)'s estimate, whenever identi abless Lmax  Lmax + Do Oma ;Q

14 min min I L min
15 max max I L max

5 EXPERIMENTAL EVALUATION _

We rst evaluate the NCM's ability to identify counterfactual distributions through Alg’ Bach
setting consists of a target que@)( a causal diagran), and a set of input distributionZJ. In

total, we test 32 variations. Speci cally, we evaluate the identi ability of four que@eg1) Average
Treatment Effect (ATE), (2) Effect of Treatment on the Treated (ETT) (Pearl, 2000, Eqg. 8.18), (3)
Natural Direct Effect (NDE) (Pearl, 2001, Eg. 6), and (4) Counterfactual Direct Effect (CtfDE)
(Zhang & Bareinboim, 2018, Eg. 3); each expression is shown on the top of Fig. 4. The four
graphs used are shown on the gure's left side, and represent general structures found throughout the
mediation and fairness literature (Pearl, 2001; Zhang & Bareinboim, 2018). The vafiadieodes

the treatment/decisiolY, the outcomeZ observed features, abl mediating variables. Lastly, we
consider a setting in which only the observational data is availabte { P (V )g) and another in
which additional experimental data ehis available Z = fP(V); P(V«)0). In the experiments
shown, all variables are 1-dimensional binary variables exgepthose dimensionalitg is adjusted

80ther choices obp include KL divergence or Maximum Mean Discrepancy (MMD) (Gretton et al., 2012).
The code is publicly available atttps://github.com/CausalAlLab/NCMCounterfactuals
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in experiments. The background color of each setting indicates that the Qusigenti able (blue)
or is not identi able (yellow) from the inputte@® andZ. Given the sheer volume of variations, we
summarize the experiments below and provide further discussion and details in Appendix B.

We implement two approaches to ground the discussion around

NCMs, one based on GANS&SAN-NCM), and another based on

maximum likelihood MLE-NCM). The former was discussed in the

previous section and the latter is quite natural in statistical settings.

The experiments (Fig. 4) show that GAN-NCM has on average

higher accuracy. The MLE-NCM performs slightly better in ID

cases (blue), but the performance drops signi cantly for non-ID

cases (yellow), suggesting it may be biased in returning ID for Blpure 5: Results comparing
cases. The GAN-NCM is also shown to achieve decent performange times of 100 epochs of
in 16-d, where the MLE-NCM fails to work. We plot the run timéraining between GAN-NCM
of these two approaches in Fig. 5, which shows that the MLE-NQgreen) and MLE-NCM (or-
scales poorly compared to the GAN-NCM; this pattern is observatge) in the rst graph of
in all settings. Intuitively, this is not surprising since the MLE-NCNFig. 4 as the dimensionaliy
explicitly computes a likelihood for every value in every variablef Z scales higher.

domain, the size of which grows exponentially w.r.t. the dimensionalityghile the GAN-NCM

avoids this by implicitly tting distributions througlﬁ’(@) and® and directly outputting samples.

For the identi able cases (blue background), the tar-
getQ is estimated through Eq. 4 after training. Re-
sults are shown in Fig. 6. The MLE-NCM serves as a
benchmark for 1-dimensional cases since, intuitively,
the data distributions can be learned more accurately
when modeled explicitly. Still, even wheth= 1,

the GAN-NCM achieves competitive results in most
settings and consistently achieves an error under 0.05
with more samples. The GAN-NCM is able to main-
tain this consistency evendt= 16, demonstrating

its robustness scaling to higher dimensions.

After all, the GAN-NCM is shown to be effective S _

at identifying and estimating counterfactual distrizigure 6: Results on estimating identi able
butions even in high dimensions. As expected, ti§@ses from Fig. 4 (corresponding numbers
MLE-NCM may achieve lower error in some 1-d seBhown on the right). Mean Absolute Error
tings, but the GAN-NCM may be preferred for scaldMAE) is plotted (with 95% con dence) for
bility. Moreover, an incorrect ID conclusion in a noneach setting for varying sample sizes. Results
ID case may be dangerous for downstream decisighe shown for GAN-NCM (solid green) and
making as the resulting estimation will likely be inMLE-NCM (orange) withd = 1 and also
correct or misleading. The GAN-NCM is evidently>AN-NCM with d = 16 (dashed green).

more robust in such non-ID cases while still performing competitively in ID cases. Further experi-
ments and discussions are provided in App. B.

6 CONCLUSIONS

We developed in this work a neural approach to the problems of counterfactual identi cation and
estimation using neural causal models (NCMs). Speci cally, we rst showed that with the graphical
inductive bias, NCMs are capable of encoding counterfactugl ¢onstraints and are still expressive

SO as to represent any generating SCM (Thms. 1, 2). We then showed that NCMs have the ability
of solving any counterfactual identi cation instance (Thm. 3, Corol 1). Given these theoretical
properties, we introduced a sound and complete algorithm (Alg. 1, Corol. 2) for identifying and
estimating counterfactuals in general non-Markovian settings given arbitrary datasets, feord

L,. We developed an approach based on GANs to implement this algorithm in practice (Alg. 3) and
empirically demonstrated its ability to scale inferences. From a neural perspective, counterfactual
reasoning under a causal inductive bias allows for deep models to be trained with an improved
understanding of interpretability and generalizability. From a causal perspective, neural nets can now
provide tools to solve counterfactual inference problems previously only understood in theory.
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A PROOFs

A.1 PROOF OFTHEOREM1

First, we bring forth the longer and more formal de nition of causal diagrams.

De nition 5 (Causal Diagram (Bareinboim et al., 2022, Def. 13ponsider an SCMM =
hU;V;F;P(U)i. We construct a grapB8 usingM as follows:

(1) add a vertex for every variable \h,

(2) add a directed edge/i( ! V;) for everyV;;V; 2 V if V; appears as an argument of
fv, 2F,

(3) add a bidirected edg®/( < - » ;) for everyV;; V; 2 V ifthe correspondingv,; Uy, U
are not independent orfif, andf,, share som& 2 U as an argument.

We refer toG as the causal diagram inducedMy (or “causal diagram df ” for short).

Def. 3 states that an SCM @) -consistent if its Layer distributions satisfy all Layerequality
constraints implied bys. To clarify, we formalize this notion in the following de nitions.

De nition 6 (Equality Constraints)Let P be a collection of distributions. We dend@€P) = fP; =

P, : P1;P, 2 P g (whereP is the set of all marginal and conditional distributiond)fas the set
of all equality constraints that hold between two distributions obtained Rom

De nition 7 (L; Equality Constraigts)For a graplG, let  (G) be the set of all SCMs that induce
Gas a causal diagram. Let-) = M2 (G) C(Li(M)) be the set of all equality constraints that
hold for theL; distributions of every SCM in (G). Then, for any collection of distributiori®, we
say thatP satis es all Layeri equality constraints implied b@ if and only if ) C(P).

A more detailed discussion on the intuition of these constraints can be found in Appendix D.2.
Naturally, it is intuitive that if an SCM induceS as a causal diagram, it must satisfy all of its
constraints, as shown in the following Lemma.

Lemma 1. LetM be an SCM and be its induced causal diagram. Theg(M ) satis es all Layer
3 equality constraints implied b$.

Proof. If  (G) is the setrof all SCMs that inducgas a causal diagram, théh must be an element
of (G).SinceCs) = " o, (g C(L3(M 9) isthe set of all equality constraints that hold for

theL 3 distributions of every SCM in (G), there will not be any constraints ") that is not
inC(L3(M)). HenceC!t3)  C(L3(M)), soC(L3(M)) satis es all Layeri equality constraints
implied by G. O
Moreover, the graph induced by a@yconstrained NCM is simpl¢ itself.

Fact 1 ((Xia et al., 2021, Lem. 6))Let® ( )= hB;V;B; P (0)i be aG-constrained NCM. LeB
be the causal diagram induced K. ThenB= G.

These two results prove th@tconstrained NCMs satisfy all Layer 3 constraint<of
Theorem 1(NCM G(-3)-Consistency) AnyG-NCM K1 ( ) is G-2)-consistent.

Proof. This follows directly from Fact 1 and Lem. 1. O

A.2 PROOF OFTHEOREM?2

For this proof, we expand on the technical results provided in Zhang et al. (2022). The paper works
with a subclass of SCMs known discrete SCMand proves strong results about its expressiveness.
Similar to this paper, we will assume that in any SCM, the variabldg iare independent, and
unobserved confounding is modeled by sharing the same variabldfranthe functions of multiple
variables inv .
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De nition 8 (Discrete SCM (Zhang et al., 2022, Def. 2An SCMM = hJ;V;F;P(U) issaid to
be a discrete SCM Dy is discrete for alU 2 U andDy is both discrete and nite foraV 2 V.

Fact 2((Zhang et al., 2022, Thm. 1)Let  be the set of all SCMs and®the set of discrete SCMs.
Forany SCMM 2 inducing causal diagran®, there exists a discrete SCM °2  %with nite
jDyj for all U 2 U such thatM Cis G'-3)-consistent and i& 3-consistent withvi

With this result, we need only show that tBeNCM can represent any discrete SCM induc{ag
with nite domains inU. We will focus on feedforward neural networks, speci cally multi-layer
perceptrons (MLPs) with the binary step activation function.

De nition 9 (Multi-layer Perceptron) A neural network node is a function de ned as
|

X
(x;w;b) = Wixj+ b ;
[
wherex is a vector of real-valued input®; andb are the real-valued learned weights and bias
respectively, and is an activation function. For this work, we will often denotas the binary step
function for our activation function:
1z O

(2)= 0 z<O:

This is simply one choice of activation function which always outputs a binary result.

A neural network layer of widtlk is comprised ok neural network nodes with the same input vector,
together outputting B-dimensional output:

;W ;b) = FioGgw by Oawic )

input:

fue (x) = GG W s b) i W be):
This means that a neural network is a function that is a composition of the functions of the individual
layers, where the input is the input to the rst layer, and the output is the output of the last layer.

We note that while Def. 9 is unde ned for non-numerical inputs and outputs, any kind of categorical
data can be considered if rst converted into a numerical representation. We utilize the follow-
ing results about the expressivity of MLPs to demonstrate the overall expressiveness of an NCM
constructed with MLPs.

Fact 3(MLP Representation (Xia et al., 2021, Lem..4kpr any functionf : X | 'Y mapping set

of variablesX to variableY, all from nite numerical domains, there exists an equivalent MLP
using binary step activations.

Fact 4 (Neural Inverse Probability Integral Transform (Discrete) (Xia et al., 2021, Lem.Fgy)any

probability mass functio® (X ) over nite domains, there exists an MLfPwhich mapJnif(0; 1)
to P (X).

We can now combine these results to achieve an expressiveness result on the counterfactual level for
NCMs.

Theorem 2 (L 3-G Expressiveness)For any SCMM  that induces causal diagrai®, there exists a
GNCM® ( )= hB;V;®;B(B)i s.t.M is Lz-consistent w.r.tM

Proof. By Fact 2, there must exist a discrete SGM = HJ%V ;F%P(U9i such thaiM %is G-
consistent, i 3-consistent witM , andjDyj is nite forall U 2 U. Let® = h8; Vv ; B; P(B)i
be aG-NCM such that eacfy, 2 B is an MLP composed of smaller MLPs as de ned next.

ForU 2 U%letVy V denote the set of endogenous variables such that for allV , f\ takes
U asanargument. L& = fCq;:::;Ckg, WithCy;:::Cx V denote the maximal confounded
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cliques ofG, that is, for allVy; V> 2 Cj, there is a bidirected edge betweénandV, in G, and there
isnoCj suchthaC; Cj.LetUQ ;:::;U2 be apartition ovet) ®such thatifu 2 U2 , then
Vy C;.lIfforanyU 2 UC there exist multiple cliques such that this applies, one can be chosen
arbitrarily. For eaclv, letC(V) C denote the set of cliques that cont&in Then we note that
uy ue;
C2C(V)
whereUY  UPdenotes the exogenous parent¥ah M °.

By construction of th&>NCM in Def. 2, O consists of aJnif(0; 1) random variablé')cl for each
maximal confounded cliqu€;. By Fact 4, we can construct MLﬁe‘LiJO) mapping@ci toU Oci for
eachC;. Then by Fact 3, we can construct ME¥ 1o mapU ) andPay toV, matchingf {. Com-
bining these two results), (pay ;by) is de ned asf'\\(,F 0)(pa\, ;f’éU 0)(bc‘1); i :;f’\élij‘o)(bci\ ),

i1

AItogether,Ib(UO) = ff"éU K : C 2 Cg collectively forms a neural mapping froth to UC and

DFET = ff’\\(,F K :V 2 V gcollectively forms a neural mapping frobh°to V. We use the notation
Fx (U) F yi to be equivalent to the statemeNf,,;(U) = y;, which is the random event (w.r.t.
U) that the variables of ; under interventiorX; = x; takes valugy;.

Then, for any counterfactual que®y= P(y )= P

PPy )=P | *ai[xi]('g)= Yi
! !
=P BB Fy
! !

=P B BOB) Fy

Yi[xi] =vy; ,we have

I
R !

=P BFUIEY

i I

R !

P F2(U)E i

i I
R !

P Yio[xi](UO): Yi

=P" 'y )

=PY (y):
Hence, we have shown that for any S@M inducing causal diagra®, we can construct &NCM
that matches! on the third layer. O

A.3 PROOF OFTHEOREM 3 AND COROLLARIES1 AND 2

Thms. 1 and 2 provide the key properties that result in the proof of Thm. 3.

S
®There are a few subtleties here to align with Def. 9. First, althougbh¢ v, U2 may contain elements

0
of U%notinUY, f"f,F ) can be constructed to accept them as input and not use them (weight of 0, identity
activation function). Secondly, although Def. 9 does not allow additional inputs inbetween laggrgan

simply be provided as an input t’(ﬁu K and passed forward to the next layer without modi cation (weight of 1,
identity activation function). Thirdly, while Def. 9 is not de ned to have multiple nested MLPs in the same layer,

the same result can be achieved by nesting them iteratively and passing the relevant outputs through the nested
layers without modi cation. The presentation in the proof is made for the sake of clarity.
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Theorem 3 (Counterfactual Graphical-Neural Equivalence (Dual ID)gt ; be the spaces
including all SCMs and NCMs, respectively. Consider the true 3€CMand the corresponding
causal diagranG. LetQ = P(y j x ) be the target query and the set of observational and
interventional distributions available. The®, is neural identi able from ( G) andZ if and only if it
is identi able fromGandZ.

Proof. If Q is identi able fromGandZ, it must also be identi able from( G) andZ simply because

. If all pairs of SCMsM 1; M , 2 that induceG and matchM in Z (i.e.Z(M ;) =
Z(M )= Z(M ))also matchirQ (i.,e.PM1(y jx )= PMz(y jx)),this should still hold if
M ; andM , areG-NCMs, as by Thm. 1, the set of &-3)-consistent SCMs includes the set of all
G-NCMs.

If Q is not identi able fromG andZ, there must exist SCMBI ;M ;, 2 such thatM ; and
M , both induceG, Z(M 1) = Z(M ) = Z(M ), butPM:i(y jx )6 PM2(y jx). By
Thm. 2, there must exist correspondiBNCMs M 1; @1, 2 ( G) such thal3(M1) = L3(M )
andL3(®15) = L3(M »). This implies thaZ (M) = Z(M,) = Z(M ) and thaP™:(y jx )6
PMz(y j x ), sinceM; and®, share all layer 3 distributions withl 1 andM , respectively.

However, this provides an example of two NCMs that matc emd the correcZ but do not match
in Q. This proves tha® is not identi able from ( G) andZ if it is not identi able from G andZ

Therefore, since both directions hold, it must be the caseQhsatdenti able fromGandZzZ if and
only if it is identi able from ( G) andZ. O

Consequently, any identi able query can be computed from any proxy NCKained to match
M inZ asifitwereM itself.

Corollary 1 (Neural Counterfactual Mutilation (Operational ID)Fonsider the true SCMI 2,
causal diagranG, a set of available distribution&, and a target quer® equal toP™ (y jx ).

LetM 2 ( G) be aG-constrained NCM such tha() = Z(M ). If Q is identi able fromG and
Z, thenQ is computable via Eq. 1 frofl .

Proof. By Thm. 2, there must exise-NCM K1° 2 ( G) such that_3(M 9% = L3(M ), which

implies that?l °matchesM in bothZ andQ. By Thm. 3, sinceQ is identi able fromG andz, it
must also be identi able from( G) andZ, which implies that allG-NCMs that match irZ with M

must also matci¥1 %in Q. In other words, for ang>NCM 1 2 ( G) suchthaZ (1) = Z(M ), it
must be the case thBt™ (y jx )= P¥ 0(y j X ). Hence, all such NCMs will matcM in Q.
PP (y x)

Finally, P" (y jx )= T

can be computed frofl using Def. 1. O
These two results lead to the soundness and completeness of Alg. 1.
Corollary 2 (Soundness and Completenedsgt  be the set of all SCM$§) 2 be the true

SCM inducing causal diagra®, Q = P(y jx ) be a query of interest, ar@ be the result from
running Alg. 1 with inputZ(M ) > 0, G, andQ. ThenQ is identi able fromGandZ if and only if

& is notFAIL . Moreover, if@ is notFAIL , then® = PM (y jx).

Proof. Thm. 2 states thaD is identi able fromGandZ if and only if Q is identi able from ( G)
andZ. By de nition, Q is identi able from ( G) andZ if and only if for all pairs of G-NCMs,

MR, 2 (G withZ(My) = Z(R,) = Z(M ), we haveP¥1(y jx )= PM2(y jx ). This
holds if and only ifP™ Cma J(y jx )= P™Cna)(y jx ). If they are not equal, thefl ( ;)

and® ( ) are examples of two NCMs that match@and the correcZ but not inQ. Otherwise,
all GNCMs that match irz must also match iQ, since any NCM that induces a result fQrthat is

less tharP™ ( ma )(y j x ) or greater tha®™ ( mn )(y j x ) would contradict the optimality of
min and
If Q is identi able, then Corol. 1 guarantees that @8NCM K that induces the corre@ will
matchM inQ (i.e.P®(y jx )= PM (y jx)). O

max *
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B EXPERIMENTAL DETAILS

This section provides the detailed information about our experiments. Our models are primar-
ily written in PyTorch (Paszke et al., 2017), and training is facilitated using PyTorch Light-
ning (Falcon & Cho, 2020). Code can be founchtps://github.com/CausalAlLab/
NCMCounterfactuals

B.1 ADDITIONAL RESULTS

The accuracies from Fig. 4 are computed from the max-min gaps (i.e. the difference between the
induced query of the maximizing model and the minimizing model) via a hypothesis testing procedure
(see Sec. 4). The actual values of these gaps are plotted below.

Figure 7: (1, 5, 10, 25, 50, 75, 90, 95, 99)-percentiles of max-min gaps of 1-dimensional (1D)
GAN-NCM in ID experiments shown in Fig. 4.

Figure 8: (1, 5, 10, 25, 50, 75, 90, 95, 99)-percentiles of max-min gaps of 16-dimensional (16D)
GAN-NCM in ID experiments shown in Fig. 4.

Note from the GAN-NCM results in Fig. 7 that in both ID and non-ID cases, the gaps are initially
large due to the large value of As training progresses anddecreases, the gaps tighten in ID cases

but remain wide in non-ID cases. In terms of the accuracy curves in Fig. 4, the result is that accuracy
starts low but slowly increases in ID cases, while accuracy remains high the entire time in non-I1D
cases. Fig. 8 shows similar patterns, but gaps tend to be larger in general due to the higher complexity
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