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Abstract
Structural learning is arguably one of the most challenging, and pervasive tasks
found throughout the data sciences. There exists a growing literature that studies
structural learning in non-parametric settings where conditional independence
constraints are taken to define the equivalence class. Whenever the underlying
causal system is non-Markovian, it is understood that non-conditional independence constraints are imposed over the observational distribution, including certain
equalities and inequalities. In this paper, we develop structural learning methods
for non-Markovian settings by leveraging additional constraints beyond conditional
independences. Specifically, we first introduce a novel Bayesian scoring criterion
for arbitrary graphs combining Watanabe’s asymptotic expansion of the marginal
likelihood and new bounds over the cardinality of the exogenous variables. Second,
we show that the new score has desirable properties in terms of expressiveness
and computability. In terms of expressiveness, we prove that the score captures
distinct constraints imprinted in the data, including Verma’s and inequalities’. In
terms of computability, we show properties of score equivalence and decomposability, which allows, in principle, to break the problem of structural learning in
smaller, more manageable pieces. Third, we implement this score using an MCMC
sampling algorithm and test its properties in several simulation scenarios.

1

Introduction

Learning the causal structure underlying a particular phenomenon from data is a fundamental problem
across the data sciences. One of the common approaches in the field of causal discovery models the
underlying system as a causal graph represented by a Directed Acyclic Graph (DAG), where nodes
denote random variables (measured or latent) and directed edges denote causal effects from tails to
arrowheads [18, 28, 20]. The task is then to piece together the constraints found in the data (and
implied by the underlying, unobserved causal system) to infer the corresponding causal graph.
There are a variety of different types of statistical constraints imposed by the underlying causal
system into the observed data with distirbution P pVq. One of the most widely used are conditional
independences, which can be read off from the causal graph through a criterion known as d-separation
[16]. The reverse implication, that each conditional independence in data implies a corresponding
separation in the underlying causal graph is known as faithfulness [15, 32, 39, 14]. This is the
cornerstone assumption for a plethora of algorithms, starting in Markovian models from the IC/PC
[33, 9, 28] and non-Markovian models, from the IC˚ /FCI [33, 28]. In the latter, the set of graphs
that entail the same set of conditional independence relations in data can be represented as Partial
Ancestral Graphs (PAGs) which defines an equivalence class of Maximal Ancestral Graphs (MAGs)
[21]. In practice, an alternative type of algorithm known as score-based, with roots in the wider field of
Bayesian model selection [8], have also been popular and instead search for the graph that maximizes
the model posterior P pG | Vq or an approximation thereof known as the score, without explicitly
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Figure 1: Examples of graphs: (a) the instrumental variable graph, (b) an unconstrainted graph, (c) the Verma
graph, (d) the Verma graph without the equality constraint.

testing for conditional independencies in data [11, 3, 4]. For instance, the Bayesian Information
Criterion (BIC) [25] is a tractable asymptotic approximation to P pG | Vq that has been shown to
be consistent for Structural Causal Models (SCMs) parameterized by curved exponential models
[10], including, e.g., Markovian models and select classes of non-Markovian models such as SCMs
compatible with MAGs and with Gaussian exogenous distributions [21].
The constraints in data implied by the SCM and encoded by the presence or absence of edges in the
causal graph may be more general equality or inequality relations between ř
marginals of P pVq. For
instance, for the Instrumental Variable (IV) graph in Fig. 1a, it holds that y maxz P px, y|zq ď 1
[19], and for the Verma graph in Fig. 1c an equality constraint not of the conditional independence
type holds [34]. In both cases, the MAG representation of these graphs looses this finer granularity,
for example graphs in Fig. 1a and Fig. 1b are represented by the same PAG because both encode the
same set of conditional independencies. In this line of research, [30] gave a systematic (and complete
[6]) algorithm for finding equality constraints implied by SCMs which, in turn, define a class of
distributions that agree on both conditional independencies and equality constraints known as Nested
Markov models [22]. For discrete observed variables, an explicit smooth parameterization of these
models exists and may be consistently scored using the BIC [27].
Despite all the progress achieved so far, no causal discovery algorithm has been developed to account
for inequality constraints. This paper proposes a new score that distinguishes between causal graphs
leveraging both equality and inequality constraints in data and is applicable to systems with discretelyvalued observables and arbitrarily defined exogenous variables. Building on Watanabe’s asymptotic
expansion of the marginal likelihood [36] and bounds over the cardinality of exogenous variables
[23, 40], our score generalizes the BIC to the more general class of singular models with arbitrarily
defined latent variables. We then prove the expressiveness power of our score, in the sense that it
captures all observable constraints in P pVq, and several properties that make the search over the
space of causal graphs feasible, such as decomposability (only a smaller subgraph needs to be updated
in each iteration of the search) and equivalence (graphs defining the same family of observational
distributions get the same score). We show also that this score has a tractable approximation using an
MCMC sampling algorithm and can be plugged into a search procedure for computations in practice.
Finally, we evaluate our method through extensive simulations using synthetic data sets. Given the
space constraints, all proofs are provided in ??.

1.1

Preliminaries

We introduce in this section some basic notations and definitions that will be used throughout the
paper. We use capital letters to denote variables (X), small letters for their values (x), bold letters
for sets of variables (X) and their values (x), and Ω for their domains of definition (x P ΩX ). The
probability distribution over variables X is denoted by P pXq. Similarly, P pY | Xq represents a
set of conditional distributions P pY | X “ xq for all realizations x. We consistently use P pxq as
abbreviations for probabilities P pX “ xq; so does P pY “ y | X “ xq “ P py | xq. Finally, 1t¨u is
the indicator function that equals 1 if the statement in t¨u evaluates to be true, and equals 0 otherwise.
The basic semantical framework of our analysis rests on structural causal models (SCMs) [18, 1].
An SCM M is a tuple xV, U, F, P y where V is a set of endogenous variables and U is a set of
exogenous variables. F is a set of functions where each fV P F decides values of an endogenous
variable V P V taking as argument a combination of other variables in the system. That is, V Ð
fV pPaV , UV q, PaV Ď V, UV Ď U. Exogenous variables U P U are mutually independent, values
of which are drawn from the exogenous distribution P pUq. Drawing values of exogenous variables
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U following P pUq induces the observational distribution P pVq over endogenous variables V.
ż
ź
1tfV ppa V , uV q “ vudP puq.
(1)
P pvq “
ΩU V PV

|ù

Each SCM M is associated with a causal graph G (e.g., Fig. 1), which is a DAG where nodes represent
endogenous variables V and exogenous variables U, and arrows represent the arguments PaV , UV
of each function fV . We will use standard graph-theoretic family abbreviations to represent graphical
relationships such as parents, children, descendants, and ancestors. For example, the set of parent
nodes of X in G is denoted by papXqG “ YXPX papXqG ; ch, de and an are similarly defined.
Capitalized versions Pa, Ch, De, An include the argument as well, e.g. PapXqG “ papXqG Y X.
A path from a node X to a node Y in G is a sequence of edges which does not include a particular
node more than once. Two sets of nodes X, Y are said to be d-separated by a third set Z in a DAG G,
denoted by pX Y|ZqG , if every edge path from nodes in one set to nodes in another are “blocked”.
The criterion of blockage follows [18, Def. 1.2.3].
For convenience, we will consistently call a path of the form Vi Ð Uk Ñ Vj between endogenous
Vi , Vj P V via an exogenous Uk P U a bi-directed arrow between Vi , Vj , denoted by Vi Ø Vj . A
bi-directed path is a consecutive sequence of bi-directed arrows. We will leverage a special type of
clustering of nodes in the graph G, called the confounded-component [29].
Definition 1 (c-component). For a causal graph G, a subset C Ď V is a c-component if any pair
Vi , Vj P C is connected by a bi-directed path in G.
For example, exogenous variables U1 , U2 in the IV graph in Fig. 1a corresponds to c-components
CpU1 q “ tZu and CpU2 q “ tX, Y u respectively. For a more detailed survey on SCMs, we refer
readers to [18, 2].
We focus our attention on SCMs with discrete endogenous (observed) variables, that is, each V P V
taking values in a finite space of outcomes, while each U P U is arbitrarily defined, e.g. taking values
in R. Our analysis rests on a special parameterization of these SCMs. It is possible to show that the
observational distribution in any causal graph associated with SCMs with discrete observables could
be generated using finite exogenous states [23, 40].
Proposition 1. For any causal graph G, let M be an arbitrary SCM compatible with G, i.e., GM “ G.
The observational distribution P pVq induced by M could be factorized over G as follows:
ÿ
ÿ
ź
ź
P pvq “
1tfV ppa V , uV q “ vu
P puq,
(2)
U PU u“1,...,dU V PV

U PU

ˇ
ˇ
where for every exogenous variable U P U, its cardinality dU “ ˇΩPapCpU qq ˇ; for every endogenous
variable V P V, function fV is a mapping between finite domains ΩPaV ˆ ΩUV ÞÑ ΩV .
This result allows us to consistently parameterize observational distribution associated with an SCM
with discrete observables using discrete exogenous variables. In other words, for any SCM M there
exists a SCM N given by Prop. 1 such that PM pVq “ PN pVq. For example, in the IV graph in
Fig. 1a, let an observational distribution P pX, Y, Zq over binary variables X, Y, Z be induced by an
arbitrary distribution P pU1 , U2 q over a continuous domain of the exogenous variables U1 , U2 , i.e.
given by Eq. (1). Prop. 1 implies that any P px, y, zq can be equivalently expressed as:
ÿ
ÿ
P px, y, zq “
1tfZ pu1 q “ zuP pu1 q 1tfX pz, u2 q “ xu1tfY px, u2 q “ yuP pu2 q, (3)
u1

u2

where P pu1 q is a distribution over a binary domain t1, 2u since |ΩU1 | “ |ΩX | “ 2; and P pu2 q is a
discrete distribution over a finite domain t1, . . . , 8u since |ΩU2 | “ |ΩX | ¨ |ΩY | ¨ |ΩZ | “ 8.
In the context of structure learning from data, we will require a one-to-one correspondence between
the structure of the causal graph and the distribution of data induced by the SCM. The following
assumption is the natural generalization of faithfulness of conditional independences [4] to our
consideration of general statistical constraints, that includes equality and inequality constraints on
margins of P pVq.
Assumption 1 (Interventional faithfulness). Each example in the observed data is an i.i.d sample
from a distribution P pVq that is defined by statistical constraints (i.e. equalities or inequalities on
3

margins of P pVq) that have a corresponding structural explanation in the SCM (e.g. a missing
directed or bi-directed arrow in the causal graph induced by the SCM)1 .

2

Expressiveness of Scores in the Presence of Unobserved Confounders

We will focus on Bayesian methods and their asymptotic behaviour for scoring causal graphs G. Let
P pG|v̄q be the
␣ probability that G (defines the causal structure in the underlying SCM given an i.i.d
sample v̄ “ vpsq : s “ 1, . . . , n . Let ω denote parameters of the observational distribution P pVq
induced by the underlying SCM; its domain ω P Ωω Ă R is compact.
Definition 2 (Bayesian scoring criterion). The Bayesian scoring criterion is defined as the posterior
P pG|v̄q which may be computed using the marginal likelihood P pv̄|Gq,
ż
P pG|v̄q 9 P pGqP pv̄|Gq “ P pGq
P pv̄|ω, GqdP pω|Gq.
(4)
Ωω

2.1

Constraints on P pVq can lead to singular asymptotics of marginal likelihood

Large-sample theory plays an important role in score-based structure learning because Bayesian
scoring criteria often involve high-dimensional integrals that are intractable in practice. For instance,
most notably, for the class of curved exponential graphical models [10], a quadratic approximation to
the log-likelihood function log P pv̄|ω, Gq can be used to relate the marginal likelihood to a Gaussian
integral in Eq. (4) which results in Schwarz’s Bayesian Information Criterion (BIC) [25]. Curved
exponential graphical models include graphical models based on DAGs, Maximal Ancestral graphical
models with Gaussian variables [21] and Nested Markov models [22]. However, this asymptotic
approximation does not necessarily hold in arbitrary graphs with unobserved confounders.
For instance, the instrumental inequality aluded to in the introduction and described more thoroughly in Eq. (7) introduces a
boundary in the space of distributions induced by the IV model
in Fig. 1a, e.g. a distribution such that P pY “ 0, X “ 0 |
Z “ zq “ P pY “ 1, X “ 0 | Z “ zq “ 0.5 for z P t0, 1u,
lies on this boundary. Following Prop. 1 |ΩU2 | “ 8. In this
case, everything else unchanged, it can
řbe shown that changing P pu2 q while preserving the sums u2 “0,1,2,3 P pu2 q and
ř
u2 “4,5,6,7 P pu2 q (up to relabelling) does not change the
Figure 2: ´ log P pv̄ | ω, Gq.
likelihood P pv | ω, Gq. In effect, we are loosing degrees of
freedom in our model and the asymptotic consequences of
this fact can be quite severe. To witness, we plot on Fig. 2 the negative log-likelihood as a function of
parameters P pU2 “ 0q and P pU2 “ 1q, everything else being equal, using simulated data from the
above boundary distribution of the IV model. The colored pattern represents
ř the likelihood surface
that concentrates in a ridge shape along a diagonal line that leaves the sum u2 “0,1 P pu2 q unchanged
and defines a singular point in the model. In words, asymptotic approximations can no longer rely on
the likelihood around the maximum being a quadratic surface. As a consequence, in general, the BIC
will not reflect the asymptotic scaling of P pv̄ | ω, Gq nor P pG | v̄q defined by inequality constraints.
2.2

Asymptotic approximations capturing all observational constraints

Watanabe reformulated the foundations of asymptotic theory of singular models using the Hironaka
resolution on singularities [12, 35, 36]. A distinct notion of model dimension emerges in singular
models driven by the learning coefficient λ ą 0 and multiplicity θ that describe how fast the posterior
distribution shrinks with increasing sample size. In general, the asymptotic expansion of the log
marginal likelihood is given by,
´ log P pv̄ | Gq “ ´ log P pv̄ | G, ω0 q ` λ log n ` pθ ´ 1q log log n ` Op p1q,

(5)

1
A formal statement of this assumption would require a precise description of equality constraints, which
can be done by introducing the do-calculus (the converse of each rule (when identified) can be used to define
an equality constraint in observational distributions), and a precise description of the influence of inequality
constraints on the structure of the graph which are likely to be much complicated to be done in general, see e.g.
[5]. We postpone this characterization to future work.
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where ω0 is the parameter that minimizes the Kullback-Leibler distance from a true distribution
to the distribution induced by any SCM compatible with G 2 . In general, λ ‰ |Ωω |{2 and θ ‰ 1,
which means that the BIC no longer provides the correct scaling of the marginal likelihood. We
show next that under appropriate conditions, Watanabe’s asymptotic expansion coupled with the
discrete parameterization of the likelihood discussed earlier assigns the lowest (best) score to the
model imposing the fewest constraints that can represent the generative distribution.
Theorem 1. Let P pv̄ | G, ωq be parameterized by a discrete SCM (Prop. 1), and define a score
SpG, v̄q :“ ´ log P pv̄ | G, ω̂q ` λ log n ` pθ ´ 1q log log n,
(6)
where ω̂ is the maximum likelihood set of parameters of the model in Eq. (2). Under regularity
conditions, in the limit as n Ñ 8,
1. (Soundness) If the family of distribution compatible with G1 includes P pVq but the family of
distributions compatible with G2 does not, then SpG1 , v̄q ă SpG2 , v̄q with probability 1.
2. (Parsimony) If the family of distributions compatible with G1 is included in that compatible with
G2 and both contain P pVq, then SpG1 , v̄q ă SpG2 , v̄q with probability 1.
The first part of the proposition encodes the soundness of the parametrization, i.e., a graph that
encodes the constraints of the original model will have a higher score than a graph that disagrees
with these constraints. The second part encodes the idea of simplicity, which means that among two
structures that have the same generative capabilities, the one that is simpler will be preferred over the
more complex one. This is a key property since, as acknowledged in the field, a complete graph does
not impose any statistical constraints but it is not a good representation of the original model.
It follows, as a corollary, that the parametrization in Eq. (2) captures all statistical constraints over
observational probabilities encoded by the structure of the causal graph.
Corollary 1. Under the same conditions as in Theorem 2, score-based learning using SpG, v̄q
distinguishes between two candidate causal graphs G1 and G2 on the basis of both equality and
inequality constraints between margins of P pVq implied by any SCM compatible with G1 and G2 .
For example, consider the IV graph in Fig. 1a. The factorization in Eq. (3) implies that for any x,
ÿ
ÿ
ÿ
max P px, y | zq “
max 1tfX pz, u2 q “ xuP pu2 q 1tfY px, u2 q “ yu ď 1.
(7)
z

y

u2

z

y

ř
The last step follows from y 1tfY px, u2 q “ yu “ 1 and the fact that u2 maxz 1tfX pz, u2 q “
ř
xuP pu2 q ď u2 P pu2 q “ 1. The same inequality, however, does not necessarily hold in the
unconstrained model defined by the graph in Fig. 1b because of the directed edge Z Ñ Y , for which,
ÿ
ÿÿ
max P px, y | zq “
max 1tfY px, z, u2 q “ yu1tfX pz, u2 q “ xuP pu2 q,
(8)
ř

y

z

u2 y

z

ř
which cannot be bounded in the same manner since y maxz 1tfY px, z, u2 q “ yu ě 1 [17]. A
similar contrast between causal graphs does not hold in the framework of MAGs or Nested Markov
models because both graphs correspond to the same parameterization. For example, in the case of
MAGs, the parameterization of the likelihood in both graphs is given by,
ÿ
P px, y, zq “
1tfZ puz q “ zu1tfX pz, ux q “ xu1tfY px, z, uy q “ yuP pux , uy , uz q. (9)
ux ,uy ,uz

For a different example, using the parameterization of the likelihood in Prop. 1 an equality constraint
can be derived for the Verma graph in Fig. 1c due to the absence of an edge W Ñ Z [30],
ÿ
ÿ
1tfZ py, uq “ zu1tfX pw, uuq “ xuP puq “
1tfZ py, uq “ zu1tfX pw, uq “ xuP puqP pwq,
x,u

x,w,u

for any value of w in the LHS since the RHS does not depend on w (it is marginalized over). The
same equality constraint does not hold for the model in Fig. 1d. One way of seeing this is that
in Fig. 1c the LHS and RHS of this equation are equal to the causal effect P pz|dopxq, wq (and as
mentioned does not depend on w) but the same causal effect in Fig. 1d does depend on w due to the
presence of the directed arrow W Ñ Z.
2

The presence of the Op p1q error means that, as n increases, the approximation can differ from the true
log marginal likelihood by a constant term. Note also that the prior term P pGq does not depend on the data, it
does not grow with n and therefore can also be absorbed into an error term Op p1q. In essence, asymptotically
log P pv̄ | Gq “ log P pG | v̄q up to constant terms.
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3

Computation of Scores and their Properties for Causal Discovery

An explicit approximation of the marginal likelihood P pv̄ | Gq using Eq. (5) is intractable because,
in general, λ and θ depend on the true data generating distribution and have only been explicitly
computed for a handful of models using Hironaka’s resolution of singularities theory [12]. One
challenge for evaluating Eq. (5), and obtaining all properties discussed before, is therefore that the
true model has to be known beforehand. Following Watanabe [37], we use a different asymptotic
approximation to the marginal likelihood using techniques from path sampling and thermodynamic
integration [7]. Our proposed score SWBIC for a candidate causal graph G and data v̄ is defined as,
ş
gpωqP pv̄ | ω, Gqβ dP pω | Gq
SWBIC pG, v̄q :“ ´Eβ log P pv̄ | G, ωq, Eβ gpωq :“ Ωωş
.
(10)
P pv̄ | ω, Gqβ dP pω | Gq
Ωω
The significance of this definition lies in the fact that the marginal likelihood P pv̄ | Gq is equal to
´Eşβ log P pv̄ | G, ωq for some value β ˚ P r0, 1s. More specifically, SWBIC is defined as the derivative
of Ωω P pv̄ | ω, Gqβ dP pω | Gq with respect to β, which by the mean value theorem must be equal to
ş
the marginal likelihood P pv̄ | Gq “ Ωω P pv̄ | ω, GqdP pω | Gq for some value β ˚ P r0, 1s. For the
choice β “ log1 n it holds, asymptotically by Theorem 4 in [37], that,
a
SWBIC pG, v̄q “ ´ log P pG | v̄q ` Op p log nq.
(11)
This result shows that model selection using SWBIC approximates a Bayesian procedure seeking
the model with highest posterior probability.
However, the SWBIC may deviate from the marginal
?
likelihood by a constant term times log n. For consistency of model selection this difference must
be of lower order than the difference in SWBIC between two different models. This this additional
assumption, a consistency result analogous to Thm. 1 can be derived.
Corollary 2. Let G1 be compatible with P pVq but not G2 . With the assumption that log P pG1 |
v̄q ´ log P pG2 | v̄q is asymptotically larger than Op plog nq, SWBIC is sound and parsimonious with
probability 1, as defined by Thm. 1 under the same regularity conditions.
3.1

Properties of SWBIC for causal discovery

Next we describe some properties of the proposed score SWBIC which will be desirable for causal
discovery. Our next result shows that SWBIC decomposes over c-components in the causal graph.
Definition 3 (Decomposability). The score S is decomposable if it can be written as a sum of
measures, each of which is a function only of the variables in the c-component and its parents,
ÿ
SpG, v̄q “
SpGP apCq , v̄P apCq q.
(12)
CPCpGq

Here GP apCq and vP apCq denote the subgraph and data, respectively, with restriction to the variables
in P apCq Ď V.
Proposition 2. SWBIC is decomposable.
The decomposability will avoid the need of recomputing the entire score when examining a new
graphical structure, which makes the search feasible in principle. For example, to score the IV graph
in Fig. 1a, we may separately score c-components tZu and tX, Y u, the first one being a function of
X only while the second one being a function of tX, Y, Zu. If we were to add an edge Z Ñ Y to
arrive at Fig. 1b we only need to recompute the updated c-component tX, Y u and compare its score
with the previous parameterization to infer which is more likely to include P pVq.
An important observations is that statistical constraints in data are usually not sufficient to narrow
down a unique causal graph and, in practice, multiple graphs may encode the same constraints as
those of the true graph. This set forms an equivalence class.
Definition 4 (Score equivalence). A scoring criterion S is score equivalent if, for any pair of causal
graphs G1 and G2 that are compatible with the exact same family of distributions, SpG1 , v̄q “
SpG2 , v̄q asymptotically with probability 1.
Proposition 3. Under regularity conditions, SWBIC is score equivalent.
6

For example, adding a bi-directed edge Z Ø X to the graph in Fig. 1b does not remove any
constraints on the set of induced observational distributions P pVq and has therefore the same score
even though its parameterization and number of parameters differs, highlighting again that the number
of parameters does not capture the complexity of the model in general.
The space of arbitrary causal graphs is different than that of MAGs or DAGs, and in particular the
consistency of search methods and characterizations of equivalence classes do not necessarily hold
more generally. We propose a (heuristic) greedy search algorithm that uses the decomposable nature
of SWBIC . The greedy search starts from an empty graph and proceeds iteratively. At each stage,
SWBIC evaluates neighbouring graphs by considering every pair of variables to which one can remove,
change, or add a directed, bi-directed, edge, or expanding a bi-directed edge denoting an unobserved
confounder to have three or more children without violating the acyclicity constraint. In each step of
the search, all the graphs that occur with single changes of the current graph are considered but one
only needs to recompute the scores of c-components that are affected by the change. Greedy search
implemented with SWBIC is denoted GS-SWBIC .
3.2

Computing SWBIC

We first recall that given a graph G, the parameterization of P pVq is given as,
ÿ
ÿ
ź
ź
P pvq “
1tξVpuV ,paV q “ vu
θu ,
U PU u“1,...,dU V PV

(13)

U PU

pu ,pa q

where ξV i i are parameters that take values in the range of V and represent the assignment of V
given its parents and exogenous variables, i “ 1, . . . , d. There is one such parameter of dimensionality
|ΩV | for each combination of realization of parent variables paV and exogenous variables uV that
are defined by the candidate causal graph G. θu stands for the vector of probabilities that defines the
discrete distribution P pU “ uq over its finite domain u P t1, . . . , dU u. For convenience, we group
pu ,pa q
parameters into a single symbol ω “ pξ, θq where ξ “ tξV V V : V P V, PaV Ă V, UV Ă Vu
and θ “ tθu : U P Uu.
SWBIC is computed by setting the temperature β :“ 1{ log n and prior over parameters ω given G
(possibly uninformative), and drawing Monte Carlo samples of the posterior distribution P pω|v̄, Gqβ
at temperature β. All parameters, their dimensionalities, and space of potential values are determined
by the structure of the candidate graph and the observed data v̄, but also depend on (unobserved)
exogenous variables ū “ tupsq : s “ 1, . . . , nu. We approximate the posterior P pω|v̄, Gq by
marginalizing over ū. We begin with some initial value for all unobserved quantities pu, ξ, θq, and
sample each one iteratively conditioned on the current values of the remaining terms in this vector
before introducing a Metropolis step.
The posterior distribution of exogenous variables is given by,
ź
ź
P pupiq |vpiq , ξ, θq 9 P pupiq , vpiq |ξ, θq “
1tξVpuV ,paV q “ vu
θu .
V PV

(14)

U PU

The posterior distribution of functional assignment variables is given by,
P pξV

puV ,paV q

“ vq “ 1,

if

pu ,pa q
P pξV V V

“ vq “ q,

otherwise,

psq

psq

psq

Ds : puV , vV , paV q “ puV , v, paV q,

(15)
(16)

pu ,pa q

where q is a proposal distribution that samples ξV V V in ΩV with probabilities that are uniformly
updated in a small neighbourhood of the previous parameter value in each iteration of the sampler.
The posterior distribution of exogenous probabilities is given by θu „ Dirpc1 , . . . , cdu q, whose
concentration parameters are updated in each iteration of the sampler using a uniform proposal
distribution, e.g. ci „ Uniformpci ´ ϵ, ci ` ϵq and ϵ ą 0 a small scalar.
Let pξptq , θptq q be the t-th sample in the Markov chain. A new sample pξpt`1q , θpt`1q q is recorded
with an acceptance ratio given by P pξpt`1q , θpt`1q |v̄, Gqβ {P pξptq , θptq |v̄, Gqβ where,
P pξ, θ|v̄, Gqβ 9 exp t´β log P pv̄|ξ, θ, Gq ` log P pξ, θ|Gqu .
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(17)

λ

S WBIC

True Graph?

P px|w, uqP pz|y, uqP puq

6.78

2770.8

✓

P px|w, uqP pz|w, y, uqP puq

7.87

2778.7

ˆ

P px|uqP py|uqP pz|uqP puq

1.83

698.1

✓

P px|u1 , u2 qP py|u1 , u3 qP pz|u2 , u3 qP pu1 , u2 , u3 q

1.05

1399.3

ˆ

2.08

1654.6

✓

2.47

1659.8

ˆ

2.51

1660.3

ˆ

Parameterization of P pvq

Graph

P pwqP py|xq
P pwqP py|xq
ř
u

ř
u

ř
u

ř
u

ř
P pxq u P py|x, uqP pz|y, uqP puq
ř
P pxq u P py|x, uqP pz|x, y, uqP puq
ř
u P px|uqP py|uqP pz|uqP puq

Table 1: Experiments to illustrate the behavior of SWBIC on graphs imposing different constraints on data.

Finally,
SWBIC pG, v̄q :“ ´Eβ log P pv̄|G, ωq « ´

4

T
1 ÿ
log P pv̄|G, ξptq , θptq q.
T t“1

(18)

Experiments

This section evaluates the ability of the newly proposed score to distinguish between graphs that
differ in equality and inequality constraints, as well as test the quality of solutions returned by greedy
search in comparison with alternative causal discovery algorithms.
Our first experiment is summarized in Table 1, itself sub-divided into 3 sections. Each section
involves data sampled from a different SCM shown in the row labeled "✓" that is to be compared
with alternative (erroneous "ˆ") causal graphs given in the rows below that differ only in one equality
or inequality constraint. For illustration, we give the likelihood parameterization of each candidate
causal graph, the estimated score SWBIC computed following Sec. 3.2, and the approximated learning
coefficient "λ" for each pair of model and data generating mechanism. (Note in particular that it is
not necessarily equal to the BIC’s "half the number of parameters".)
• Verma graph. The Verma graph in the first row specifies an equality constraint that is violated in
the second graph, while both specify the same set of inequality constraints (and also conditional
independencies) over P pvq. SWBIC gives a lower score to the Verma graph, correctly inferring the
better fit given that the equality constraint in data is not accounted for in the second graph.
• Unconstrained graph. The graph in the third row is compatible with any probability distribution
P px, y, zq. We generate data in a manner that P px “ y “ zq “ P puq „ Bernoullip0.5q chosen
because it cannot be generated by the triple bi-directed graph in the fourth row, see e.g. [38], even
though both models specify exactly the same constraints otherwise. SWBIC correctly infers (gives a
lower score) to the true causal graph.
• IV graph. The last section of Table 1 considers data from the IV graph that encodes an inequality
constraint in P px, y, zq. The last two graphs are both compatible with any distribution P px, y, zq
which we include here both to demonstrate that SWBIC correctly infers the data generating mechanism but also that SWBIC gives the exact same score to equivalent graphs. We further illustrate
equivalence and decomposability features of SWBIC in ??.
Our second experiment evaluates the quality of solutions returned by the proposed greedy search
algorithm GS-SWBIC in comparison with popular MAG constraint-based algorithms: FCI [28], and
MAG and DAG score-based algorithms using the BIC: GS-MAG [31] and GES [3], respectively. We
consider two real-world examples: the Sachs dataset for the discovery of a protein signaling network
[24], and the Lung cancer dataset [13], both available through the bnlearn network repository [26],
and one synthetic example with data sampled from the Verma graph that can be found in Fig. 1c. To
account for unobserved confounding and make the setting more realistic, we omitted four and two
8

(a) GSachs

(b) GLung

(c) SWBIC of estimated graph as a function of sample size.

Figure 3: Graphs and performance comparisons.

variables from the Sachs and Lung Cancer datasets, respectively. Their graphs can be found in Fig. 3.
Please refer to ?? for further details on the experiments.
Fig. 3 presents score SWBIC comparisons (Structural Hamming Distance comparisons given in ??)
of the returned graph G (or members of the equivalence class if appropriate) as a function of the
number of samples n used by each one of the methods under consideration. On average GS-SWBIC
outperforms on a majority of runs, especially in the small sample regime although there is notable
variation between datasets. For example, in the large sample regime, FCI outperforms in the Sachs
dataset and GSMAG and GES are competitive in the Lung cancer dataset.

5

Conclusions

We investigated the problem of learning the causal structure underlying a phenomenon of interest
from discretely-valued observational data with arbitrary latent dependencies. In this paper, we defined
a score based on the asymptotic expansion of the marginal likelihood using a parameterization that is
expressive enough to capture consistently both equality and inequality constraints in the observational
data. We then proposed a tractable approximation to this score that involves a posterior sampling
algorithm using power posteriors and that enjoys desirable properties for causal discovery such as
score decomposition and score equivalence that make searching over the space of causal graphs
feasible. These results extend score-based causal discovery based on Maximal Ancestral Graphs and
Nested Markov models based on equality constraints.
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