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Abstract
One pervasive task found throughout the empirical sciences is to determine the
effect of interventions from non-experimental data. It is well-understood that
assumptions are necessary to perform such causal inferences, an idea popularized
through Cartwright’s motto: “no causes-in, no causes-out.” One way of articulating
these assumptions is through the use of causal diagrams, which are a special type
of graphical model with causal semantics [Pearl, 2000]. The graphical approach
has been applied successfully in many settings, but there are still challenges to
its use, particularly in complex, high-dimensional domains. In medicine, for
example, background knowledge may exist about the relationships among a subset
of variables, but usually not all of them. In this paper, we introduce cluster
causal diagrams (for short, C-DAGs) to allow for the representation of partial
understanding of the relationships among variables, which has the potential of
alleviating DAGs’ somewhat stringent requirements. C-DAGs provide a simple
yet effective way to partially abstract a grouping of variables among which causal
relationships are not fully understood. Our goal is to develop machinery to reason
on top of C-DAG’s new representation. In particular, we first define a new version
of the d-separation criterion, and prove its soundness and completeness. Second,
we extend these new separation rules and prove the validity of the corresponding docalculus. Lastly, we show that a standard identification algorithm can systematically
compute causal effects from observational data with cluster causal diagrams.
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Introduction

One of the main tasks in the empirical sciences and data-driven disciplines is to infer cause and
effect relationships using observational (non-experimental) data collected from the phenomenon
under investigation. These relations are considered central in the construction of explanations and for
making decisions about interventions that were never implemented before [8, 13, 1, 10, 9].
Assumptions about the underlying generating processes are needed to perform these causal inferences
[8]. One popular way of articulating such assumptions is through the language of graphical models,
in particular in what is known as a causal diagram. Intuitively, a causal diagram G has an arrow
from X to Y (e.g., see Fig.1(a)) if Y “listens” to the value of X; in terms of the underlying causal
system, X appears as an argument of the mechanism of Y . The importance of this notion has been
emphasized in the literature by Pearl: “This listening metaphor encapsulates the entire knowledge
that a causal network conveys; the rest can be derived, sometimes by leveraging data” [9, pp. 129].
Once a diagram is fully articulated, to infer the effect of a treatment X on an outcome Y , – written as
the do-distribution P (Y |do(X = x) – one engages in the identifiability task to determine whether
P (Y |do(X = x) is derivable from the combination of the diagram, G, and the observational
distribution, P (V), where V represents the set of all observed variables. The identifiability (decision)
⇤
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Figure 1: The difference between each model in the top and bottom rows is the relationship between
the Z-nodes. Note that ignorability holds (and P (Y |do(X)) is identifiable from P (V)) in diagrams
(a), (b), (c), and (f) but not in diagrams (d) and (e). GC1 is a cluster causal diagram for (c) and (f).
GC2 is a cluster causal diagram for (a), (b), (d), and (e).

problem has been extensively studied in the literature and a number of conditions have been proposed.
These include symbolic methods such as Pearl’s do-calculus [7] as well as algorithmic strategies
[2, 15, 12, 3, 5], to cite a few. Despite the power of such approaches, there are settings where the
knowledge necessary to articulate the required assumptions may not be available. Obtaining the
graph over the observed variables, V, requires knowledge about the relationships among all pairs in
V, which may not be fully understood in some domains.
Another popular way of articulating assumptions about the underlying mechanisms is through a
condition known as conditional ignorability, as introduced by Rubin [11, 4]. A new potential outcome
variable Yx is defined to represent the hypothetical value of Y had X been x. Ignorability is written
as Yx ?? X|Z, which represents the independence of the potential outcome Yx and the treatment
X conditional on a set of covariates Z ⇢ V, where Z is assumed pre-treatment. If conditional
ignorability holds, the distribution P (Y |do(X)) is identifiable and given by the adjustment formula.
In some sense, this approach does not require the relationships among all pairs of variables to be
elicited; X, Y , and Z are treated as blocks. This has the potential to alleviate the pressure required by
the graphical approach of eliciting the relationships among all pairs of variables. Despite the power
of such an approach, leaving the relationships among all covariates, Z, unspecified may incur some
possibly consequential loss of information. To understand this subtlety, consider the diagrams in
Figs. 1(a) and (d), which we call G and G0 . Note that they are identical except for the relationship
within the Z = {Z1 , Z2 } cluster; Z1 and Z2 are independent in G (and Yx ?? X|Z holds), while
they are correlated through an unobserved common cause (encoded by the bidirected arrow) in G0
(and Yx ?? X|Z does not hold). The same phenomenon occurs with the pairs in the second column
(b, e). If one merely has the qualitative knowledge of how the cluster Z interacts with X and Y , it’s
not possible in these cases to judge whether ignorability holds (and identifiability is entailed) while
being oblivious to the relationships among the Z-variables.

After all, it seems that, on the one hand, it may be hard to elicit the relationships among all variables
in some practical, real world scenarios; on the other, clustering some variables while ignoring what is
within each cluster may lead to inadvertent inferences. Even though the situation seems somewhat
knotty, we note there is some way of striking a middle ground between these strategies. To witness,
consider the graphs in Figs. 1(c) and (f), and note that P (Y |do(X)) is identifiable in both cases. In
words, identifiability follows regardless of the relationship among the Z nodes.
In this paper, we aim to find such cases where the validity of the inferences are preserved while
the relationships within a cluster can be left unspecified. More broadly, our goal is to bridge the
gap between requiring a full specification of the system and clustering all covariates together, while
ignoring what is within the cluster. In particular, to allow for more refined groupings of variables, we
introduce a new class of graphical models over a set of clusters of variables, where the relationships
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amongst variables within a cluster are left unspecified. We develop machinery for valid causal
inference in such models. Specifically, our contributions are as follows:
1. We introduce a new class of graphs called cluster causal diagrams or C-DAGs (for cluster
DAGs) over a set of clusters of variables where the relationships amongst the variables
inside the clusters are left unspecified (Definition 1).
2. We show that despite C-DAGs’ abstracted representation of numerous possible underlying
paths, path separation rules can be augmented to include clusters. We then show completeness of the d-separation rules extended to C-DAGs (Theorem 1).
3. We prove that the inference rules known as Pearl’s do-calculus are sound and complete for
the coarse representation of C-DAGs (Theorems 2 and 3).
4. We prove that interventional distributions factorize according to C-DAGs (Theorem 4). This
ensures the ID-algorithm can systematically infer causal effects from the combination of an
observational distribution and partial domain knowledge encoded as a C-DAG (Theorem 5).

2

Preliminaries

We introduce in this section the necessary concepts and notation used throughout the paper.
Notation. A single random variable is denoted by a (non-boldface) uppercase letter X and its realized
value by a small letter x. A boldfaced uppercase letter X denotes a set (or a cluster) of variables.
For X, Y, Z, we denote the conditional independence of X and Y conditioned on Z by X ?
? Y | Z.
Given a graph G, we denote the d-separation between X and Y given Z by (X ?
? Y | Z)G . The
mutilated graph GXZ is the result of removing from G arrows coming into variables in X and going
out of variables in Z. GC denotes the subgraph of G over C. We use kinship terminology (e.g.,
parents, children, descendants, ancestors) to denote various relationships in a graph. These kinship
relations are defined along the full arrows in the graph, ignoring bidirected arrows. We use P a(X)G ,
An(X)G , and De(X)G to represent the sets of parents, ancestors, and descendants in G, respectively.
Structural Causal Models. We use the language of Structural Causal Models (SCMs) [8, pp. 204207] as our semantical framework. Formally, an SCM M is a 4-tuple hU, V, F, P (U)i, where U
is a set of exogenous (latent) variables and V is a set of endogenous (measured) variables. F is
|V|
a collection of functions {fi }i=1 such that each endogenous variable Vi 2 V is determined by a
function fi 2 F, where fi is a mapping from the respective domain of Ui [ P a(Vi ) to Vi , where
Ui ✓ U and P a(Vi ) ✓ V \ Vi . The uncertainty is encoded through a probability distribution over the
exogenous variables, P (U). Each SCM M induces a directed acyclic graph (DAG) G(V, E), known
as causal diagram, that encodes the structural relations among V [ U, where every Vi 2 V is a
vertex, there is a directed arrow (Vj ! Vi ) for every Vi 2 V and Vj 2 P a(Vi ), and there is a dashed
bidirected arrow (Vj L99
99K Vi ) for every pair Vi , Vj 2 V such that Ui \ Uj 6= ; (Vi and Vj have
a common exogenous parent). Performing an action X=x is represented through the do-operator,
do(X = x), which represents the operation of fixing a set X to a constant x regardless of their original
mechanisms. Such an intervention induces a submodel Mx , which is M with fX replaced to x for
every X 2 X. The post-interventional distribution induced by Mx is denoted by P (v \ x|do(x)).

3

Cluster Causal Diagrams: Definitions and Properties

We now provide a definition for what we will call a cluster causal diagram, or C-DAG, which defines
a coarser graphical representation of an SCM where variables are grouped as entities called clusters.
In this definition, every variable is a part of exactly one cluster, where a variable may be "grouped" in
a cluster by itself and all vertices in a C-DAG are clusters.
Definition 1 (Cluster Causal Diagram or C-DAG). Consider an SCM M = hV, U, F, P (u)i and
the corresponding causal diagram G(V, E). Given a partition C = {C1 , . . . , Ck } of V, construct a
graph GC (C, EC ) over C with a set of arrows EC defined as follows:
1. An arrow Ci ! Cj is in EC if there exists some Vi 2 Ci and Vj 2 Cj such that
Vi 2 P a(Vj );
2. A dashed bidirected arrow Ci 99K
L99 Cj is in EC if there exists some Vi 2 Ci and Vj 2 Cj
such that there is a bidirected arrow Vi 99K
L99 Vj .
3
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Figure 2: (a): a possible causal diagram representing the effect of taking lisinopril on having a stroke
where X =lisinopril, Y = stroke, A =age, B = blood pressure, C = comorbidities, D = medication
history, and S =sleep quality. (b): a C-DAG of (a) with Z = {A, B, C, D} where P (y | do(x)) is
identifiable by front-door adjustment. (c): a C-DAG of (a) with W = {S, B}, Z = {A, C} where
P (y | do(x)) is not identifiable (d): an invalid C-DAG of (a) with W = {S, B}, Z = {A, C, D};
note the cycle among (X, W, Z).

If GC (C, EC ) contains no cycles, then we say that C is an admissible partition of V. Further, we
then call GC a cluster causal diagram, or C-DAG compatible with G.
Note: throughout the paper, we will use the same symbol (e.g. C) to represent a set of clusters in a
C-DAG GC and the set of variables contained across these clusters in a compatible causal diagram G.
In practice, all causal relationships among variables may not be known or it may be burdensome
to explicitly define them, as is common in fields like medicine and the social sciences. However,
contextual or temporal knowledge may partially inform how variables are related in a causal diagram,
such that a C-DAG can be constructed. Fig. 2(a) illustrates a medical example with a possible causal
diagram for the effect of lisinopril (X), a treatment for hypertension, on the outcome of having a
stroke (Y ). A researcher can be certain that the variables of age (A), pre-treatment blood pressure
(B), comorbidities (C), and medication history (D) occur temporally before lisinopril is prescribed
or a stroke occurs, even if the relationships among such covariates are unknown, such that these
variables can be grouped together as in 2(b). Similarly temporal information could allow a researcher
to group post-treatment variables, such as sleep quality (S), as a mediator between the treatment and
outcome. Knowledge of potential unmeasured confounders can be used in constructing a C-DAG,
as indicated, for example, by the bidirected arrow between C and Y in 2(a), illustrating some latent
connection (e.g. environmental factor) between prior comorbidites and some health outcome.
Not only are these clusterings helpful in visually communicating a complex diagram, but this coarser
representation as a C-DAG is less prone to model misspecification than strict causal diagrams, which
require more knowledge to be constructed. Following the analogy of an arrow being drawn from one
variable X to another Y if Y “listens” to the value of X, intuitively we can have an arrow drawn
from one cluster, X to another Y if at least some variables in Y “listen" to at least some variables in
X. In the rest of the paper, we will develop formal machinery to support causal analysis in C-DAGs.
Let Fig. 2(a) be a causal diagram G over V = {X, Y, A, B, C, D, S}, Fig. 2(b) shows a graph
over the partition C0 = {{X}, {Y }, {A, B, C, D}, {S}} where Z = {A, B, C, D}, Fig. 2(c) shows
a graph over the partition C = {{X}, {Y }, {A, C}, {D}, {S, B}} with W = {S, B} and Z =
{A, C}, and Fig. 2(d) shows a graph over the partition C00 = {{X}, {Y }, {A, C, D}, {S, B}}
where W = {S, B} and Z = {A, C, D}. For simplicity, vertices for singleton clusters are denoted
by the name of their only variable and vertices for clusters with more than one variable are denoted
by the cluster name with a square drawn around them. Note that GC and GC0 in 2(b) and (c) are
C-DAGs compatible with G, since no cycles are created. In 2(d), the partition C00 is not admissible
for creating a C-DAG because GC00 contains a cycle. The arrow {X} ! W is needed because
S 2 W “listens” to X. The arrow W ! Z is needed because C 2 Z “listens” to B 2 W. The arrow
Z ! X is needed because X “listens” to D 2 Z. This creates a cycle, so GC00 is not a C-DAG.
Cluster causal diagrams can be seen as an equivalence class of causal diagrams in which all the
possible combinations of relationships among the variables within each cluster are allowed. For
instance, Fig. 3 illustrates two causal diagrams, G1 and G2 , that are both represented by the C-DAG
GC . Note that the backdoor path X
Z1 ! Z2
Z3 ! Y in G1 is inactive due to the collider
Z2 , while all backdoor paths in G2 are active. In the next section, we will categorize the status
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Figure 3: (a) and (b): causal diagrams G1 and G2 , (c) represented by (c) C-DAG GC , where
Z = {Z1 , Z2 , Z3 }.
of different paths in a C-DAG and will see that seemingly active paths (e.g., X
Z ! Y ) may
represent an inactive path in some compatible causal diagram. To properly identify causal effects
when knowledge about the relationships among some variables at play is only partially available, we
will seek to derive causal inference rules and algorithms that are applicable to all the causal diagrams
compatible with a given C-DAG regardless of the unknown relationships within clusters.
The criteria set forth in Definition 1 ensure that a C-DAG GC has two properties that will prove
critical later on. Namely, they preserve the connections and they preserve the ancestral relationships
in any compatible causal diagram G, as formally stated below.
Proposition 1. (Preservation of connections) Let GC (C, EC ) be a C-DAG compatible with a
causal diagram G(V, E). Consider distinct clusters Ci , Cj 2 C. If Vi , Vj 2 V are connected in G
and belong to Ci , Cj respectively, then Ci and Cj are connected in GC . Further, if Ci and Cj are
connected in GC , then there exists Vi 2 Ci and Vj 2 Cj such that Vi and Vj are connected in G.
Proposition 2. (Preservation of ancestral relationships) Let GC (C, EC ) be a C-DAG compatible
with causal diagram G(V, E). For any Ci 2 C, 8V 2 Ci , An(V )G ✓ An(Ci )GC and De(V )G ✓
De(Ci )GC .
Proposition 1 states that a C-DAG encodes any connection between variables is preserved in a
compatible causal diagram. Proposition 2 states that the set of ancestor (descendant) clusters of Ci
contain all ancestors (descendants) of any variable V 2 Ci . These results will prove helpful to extend
standard causal inference tools to C-DAGs, including d-separation and do-calculus.

4

D-Separation in C-DAGs

D-separation is a central mechanism for inferences with causal
diagrams, which has been discussed in the context of probabilistic [6] and causal reasoning [7]. In this section, we investigate
d-separation rules in C-DAGs when conditioning on a mediator,
a common cause, a collider, and a collider descendant.
Cluster in a Causal Chain

X

Y

(a)

X

Z1

Z2

Z3

Y

Z3

Y

(b)

X

Consider a C-DAG GC where Z is a mediator between X and
Y in the chain as shown in Fig. 4(a).

Z

Z1

Z2
(c)

Figure 4: Causal diagrams (b) and
(c)
are both compatible with the
The causal diagrams (b) and (c) in Fig. 4, over V =
{X, Z1 , Z2 , Z3 , Y }, are compatible with the C-DAG GC , cluster causal diagram (a), where
where X = {X}, Z = {Z1 , Z2 , Z3 }, and Y = {Y }. Note that Z is a mediator between X and Y.
in diagram (b) the path between X and Y is active. However, in The path is active in (b) and inacdiagram (c), the path between X and Y is inactive, even though tive in (c).
the abstracted cluster Z is a mediator. From these two examples, it is clear that when a cluster Z acts
as a mediator between two other clusters X and Y, the path between X and Y through Z may be
either active or inactive.
Remark 1. In a C-DAG, the path X ! Z ! Y may be either active or inactive.
5

Conditioning on a cluster will be considered as equivalent to conditioning on all the variables in it. In
both diagrams (b) and (c), the path between X and Y is inactive when conditioning on {Z1 , Z2 , Z3 }
and we show that this property will hold regardless of the connections within a cluster mediator as
stated in the following lemma.
Lemma 1. In a C-DAG, the path X ! Z ! Y is inactive when mediator Z is conditioned on.
Cluster as a Common Cause
Consider a C-DAG GC where Z is a common cause of X and
Y as shown in Fig. 5(a).

X

Z

Y

(a)

The causal diagrams (b) and (c) in Fig. 5, over V =
Z1 Z2 Z3
X
Y
{X, Z1 , Z2 , Z3 , Y }, are compatible with the C-DAG GC ,
(b)
where X = {X}, Z = {Z1 , Z2 , Z3 }, and Y = {Y }. In
diagram (b), the path is active while in diagram (c) the path is
Z1 Z2 Z3
X
Y
inactive. These examples illustrate that when a cluster Z acts
as a common cause of two other clusters X and Y, the path
(c)
between X and Y through Z may be either active or inactive.
Remark 2. In a C-DAG, the path X
Z ! Y may be either Figure 5: Causal diagrams (b) and
(c) are both compatible with the
active or inactive.
cluster causal diagram (a), where
When we condition on {Z1 , Z2 , Z3 } in either diagram, we Z is a common cause of X and Y.
block the overall path from X to Y . Similar to the behavior The path is active in (b) and inacdiscussed above for a cluster in a causal chain, we have the tive in (c).
general result in the following lemma.
Lemma 2. In a C-DAG, the path X
Z ! Y is inactive when Z is conditioned on.
Cluster as a Collider
Consider a C-DAG GC where Z is a collider between X and
Y as shown in Fig. 6(a).

X
Z
Y
The causal diagrams (b) and (c) in Fig. 6, over V =
(a)
{X, Z1 , Z2 , Z3 , Y }, are compatible with the C-DAG GC ,
where X = {X}, Z = {Z1 , Z2 , Z3 }, and Y = {Y }. In
Z1 Z2 Z3
X
Y
diagram (b), the path between X and Y is inactive when conditioning on {Z1 , Z2 , Z3 }. However, in diagram (c), the path
(b)
between X and Y is active when conditioning on {Z1 , Z2 , Z3 }.
These examples illustrate that when a cluster Z acts as a collider
Z1
X
Y
between two other clusters X and Y, the path between X and
Y through Z may be either active or inactive when conditioning
Z2 Z3
on Z.
(c)
Remark 3. In a C-DAG, the path X ! Z
Y may be either
active or inactive when Z is conditioned on.
Figure 6: Causal diagrams (b) and
(c)
are both compatible with the CIn both diagrams (b) and (c), the path between X and Y is
DAG
(a), where Z is a collider beinactive. We show this property holds in general regardless
tween
X and Y. When Z is condiof the connections within a cluster collider as stated in the
tioned
on, the path is inactive in (b)
following lemma.
and active in (c).
Lemma 3. In a C-DAG, the path X ! Z
Y is inactive.
Cluster as a Descendent of a Collider
Consider a C-DAG GC where Z is a descendant of collider W as shown in Fig. 7(a).
The causal diagram (b) in Fig. 7 over V1 = {X, W, Z1 , Z2 , Y } and the causal diagram (c) over V2 =
{X, W1 , W2 , Z1 , Z2 , Y } are compatible with the C-DAG GC , where X = {X}, Z = {Z1 , Z2 }, and
Y = {Y } in both diagrams, W = {W } for (b), and W = {W1 , W2 } for (c). In diagram (b), the
path from X and Y is active when conditioning on {Z1 , Z2 } while in diagram (c) the path is inactive
when conditioning on {Z1 , Z2 }. We therefore have the following conclusion.
6

Remark 4. In a C-DAG, the path X ! W
descendant of W, is conditioned on.

Y may be either active or inactive when Z, a

In both diagrams (b) and (c), the path between X and Y is
inactive. We have the following result.
Lemma 4. In a C-DAG, the path X ! W
Y is inactive
when none of the descendants of W (nor W) are conditioned
on.

X

W

Y

Z
(a)

D-separation rules in C-DAGs
The above discussion and lemmas illustrate how the original
d-separation rules relate to C-DAGs. In summary, the rules for
when a path is d-separated carry to C-DAGs, but when a path
between two clusters is not d-separated in C-DAGs, the path
between corresponding variables may or may not be active in
a compatible causal diagram. These observations together, lead
to the following definition:
Definition 2 (d-Separation in C-DAGs). A path p in a C-DAG
GC is said to be d-separated (or blocked) by a set of clusters
Z ⇢ C if and only if

W

X

Z1

Y
Z2

(b)

X

W1
W2

Y
Z1

Z2

(c)

1. p contains a mediator Ci ! Cm ! Cj or a common
cause Ci
Cm ! Cj such that the middle cluster Figure 7: Causal diagrams (b) and
(c) are both compatible with the CCm is in Z, or
DAG (a), where W is a collider
2. p contains a collider Ci ! Cm
Cj such that the between X and Y and Z is a demiddle cluster Cm is not in Z and no descendant of scendant of W. When Z is condiCm is in Z.
tioned on, the path is active in (b)
and inactive in (c).
A set of clusters Z is said to d-separate two sets of clusters
X, Y ⇢ C, denoted by (X ?
? Y | Z)GC , if and only if Z
blocks every path from a cluster in X to a cluster in Y.
The following result states the soundness and completeness of the d-separation rules in C-DAGs.
Theorem 1. (Soundness and completeness of d-separation). Consider a C-DAG GC , and let
X, Z, Y ⇢ C. If X and Y are d-separated by Z in GC , then, in any causal diagram G compatible
with GC , X and Y are d-separated by Z in G. If X and Y are not d-separated by Z in GC , then,
there exists a causal diagram G compatible with GC where X and Y are not d-separated by Z in G.
While C-DAGs inevitably lead to a loss of information, as evidenced by paths in a C-DAG which
may be either active or inactive in a compatible DAG, we can still make strong conclusions about
conditional independencies entailed by compatible DAGs. From the understanding of d-separation in
DAGs, we can see that the d-separation rules for clusters allow us to read off conditional independencies from an even broader set of distributions. A d-separation between sets of variables X and
Y given Z in a DAG G implies that X is independent of Y conditional on Z in every distribution
induced by G. A d-separation between clusters X and Y given Z in a C-DAG GC implies that X is
independent of Y conditional on Z in every distribution compatible with any G compatible with GC .

5

Causal Identification in C-DAGs

The aforementioned d-separation criterion allows us to decide from a C-DAG GC whether a set of
clusters X is independent of another set Y when a third set Z is conditioned on in any compatible
causal diagram G. This will be essential to establish conditions for causal identifiability in C-DAGs.
5.1

Do-Calculus in C-DAGs

One of the fundamental tools used in causal inference is Pearl’s celebrated do-calculus [7]. The
do-calculus has been used extensively for solving a variety of causal effect identification tasks.
7

Armed with the understanding coming from the d-separation rules in C-DAGs, we show next that the
do-calculus rules are also sound in C-DAGs.
Theorem 2. (Do-calculus in C-DAGs). Let GC be a C-DAG compatible with a causal diagram G
associated with an SCM M. For any disjoint subsets of clusters X, Y, Z, W ✓ C, the following
three rules hold:
Rule 1:

P (y|do(x), z, w) = P (y|do(x), w)

Rule 2:

P (y|do(x), do(z), w) = P (y|do(x), z, w)

Rule 3:

P (y|do(x), do(z), w) = P (y|do(x), w)

if (Y ?
? Z|X, W)GC
if (Y ?
? Z|X, W)GC

X
XZ

if (Y ?? Z|X, W)GC

XZ(W)

where the graph GCXZ is obtained from GC by removing the arrows incoming to X and outgoing
from Z, and Z(W) is the set of Z-clusters that are non-ancestors of any W-cluster in GCX .
Note that in the above do-calculus rules, X, Y, Z, W represent sets of cluster nodes in GC in the dseparation tests (Y ?? Z|X, W)GC , while in the distribution P (.) statements, X, Y, Z, W represent
the sets of variables contained in the corresponding sets of clusters.
Given the soundness and completeness of the d-separation rules in C-DAGs, the main question to be
solved in order to show the soundness of do-calculus in C-DAGs is whether the mutilation operations
in a C-DAG to create GCX and GCX carry over to the compatible causal graphs. We obtain the
following result based on Proposition 1.
Lemma 5. If a C-DAG GC is compatible with a causal diagram G, then, for X, Z ⇢ C, GCXZ is
compatible with GXZ .
Theorem 2 then follows from Propositions 1 and 2, Theorem 1, and Lemma 5. In addition, we show
that the do-calculus rules in C-DAGs are complete as follows:
Theorem 3. (Completeness of do-calculus). If a do-calculus rule does not apply in a C-DAG GC ,
then there exists a causal diagram G compatible with GC for which it also does not apply.
Equipped with d-separation and do-calculus in C-DAGs, causal inference algorithms developed for a
variety of tasks that rely on a known causal diagram can potentially be extended to C-DAGs [1]. In
this paper, we study the problem of identifying causal effects from observational data in C-DAGs.
5.2

ID-Algorithm

A complete algorithm has been developed to determine whether P (y|do(x) is identifiable from the
combination of the causal diagram G and the observational distribution P (V) [14, 15]. This identification algorithm, or ID-algorithm for short, is based on the factorization of the post-interventional
distributions according to the graphical structure, known as the truncated factorization. Specifically,
X
Y
P (v \ x|do(x)) =
P (u)
P (vk |pavk , uk ).
(1)
u

k:Vk 2V\X

We will show that the truncated factorization holds in C-DAGs as well, in the following sense.
Theorem 4. (Truncated factorization in C-DAGs.) Let GC be a C-DAG compatible with a causal
diagram G associated with an SCM M = hU, V, F, P (U)i. For any X ✓ C, the following holds
X
Y
P (c \ x|do(x)) =
P (u)
P (ck |paCk , u0k ),
(2)
u

k:Ck 2C\X

where P aCk are the parents of Ck in GC and U0k ✓ U such that U0i \ U0j 6= ; if and only if there is
a bidirected arrow (Ci L99
99K Cj ) between Ci and Cj in GC .
In Eq. (2), X, C, Ck , P aCk are the sets of variables contained in the corresponding sets of clusters.
Theorem 4 shows that C-DAGs are Causal Bayesian Networks where a cluster with N variables is
treated as an N -dimensional random variable. This result allows us to prove that the ID-algorithm
can systematically infer causal effects from a combination of an observational distribution P (V) and
partial domain knowledge encoded as a C-DAG GC (since ID relies on the truncated factorization).
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Figure 8: (a): a causal diagram where P (y|do(x)) is identifiable by front-door adjustment. (b): a
modification of (a) where W0 ! W1 has been changed to W0
W1 . P (y|do(x)) is identifiable.
(c): a cluster causal diagram for both (a) and (b).
Theorem 5. (Soundness of ID-algorithm). The ID-algorithm is sound when applied to a C-DAG
GC for identifying causal effects of the form P (y|do(x)) from the observational distribution P (V),
where X and Y are sets of clusters in GC .
Furthermore, we show in Appendix A.4 (Theorem 6) that the ID-algorithm is not only sufficient but
also necessary for identification from observational data (i.e., complete).
5.3

Effect Identification in C-DAGs

We now use the aforementioned results and show examples of identification in C-DAGs in practice.
Due to the coarsening of the diagram by clusters, it is possible an effect will by identifiable in some
causal graph G, but will not be identifiable by the clustering yielding GC .
Identification in Fig. 1. In diagrams (a), (c) and (f),
P the effect is determined by the backdoor
adjustment over {Z1 , Z2 }, given by P (y|do(x)) = z1 ,z2 P (y|x, z1 , z2 )P (z1 , z2 ). In (b), there
is no backdoor path relative to (X, Y ), so P (y|do(x)) = P (y|x). By considering the clustering
Z = {Z1 , Z2 }, any separation between Z1 and Z2 is lost. However, under the assumption of no
unobserved confounders relative to (Z1 , X) and (Z2 , X), as in diagrams (c) and (f), the effect of
X on Y is identifiable regardless of the connections
P between Z1 and Z2 . From the C-DAG GC1 of
(c) and (f), the effect is given by P (y|do(x)) = z P (y|x, z)P (z). If domain knowledge does not
justify the assumption of no unobserved confounders relative to (Z1 , X) or (Z2 , X), then, from the
C-DAG GC2 of diagrams (a), (b), (d), and (e), the effect is not identifiable. This results from the
existence of the graphs compatible with GC2 (e.g. (d) and (e)), where the effect is not identifiable.
Identification in Fig. 2. In diagram (a) the effect of X on Y is identifiable through backdoor
adjustment over the set of variables {B, D}. Because of the loss of separations during clustering
in the C-DAG in (b) with Z = {A, C} and W = {B, S}, the effect is no longer identifiable. Note
that it is not possible to block all backdoor paths relative to (X, Y ), and W, a direct effect of X,
is confounded. Fig. 2(c) is another valid C-DAG of G with Z = {A, B, C, D}. With this cluster
representation, P
the effect ofPX on Y is identifiable through front-door adjustment over S, given by
P (y|do(x)) = s P (s|x) x0 P (y|x0 , s)P (x0 ).

Identification in Fig. 8. Both diagrams (a) and (b) are compatible with the C-DAG shown in (c) when
variables W0 and W1 are grouped
(a), we can identify the effect of X on Y using
P in the cluster W. InP
the front door: P (y|do(x)) = w0 ,w1 P (w0 , w1 |x) x0 P (y|x0 , w0 , w1 )P (x0 ). From the C-DAG
P
P
(c), we can identify the effect similarly: P (y|do(x)) = w P (w|x) x0 P (y|x0 , w)P (x0 ). When
(b) is the underlying causal diagram, the front-door formula can be simplified to P (y|do(x)) = P (y)
using the marginal independence between W1 and X. This information is lost during the clustering
and the directed path from X to Y through W in the C-DAG is considered possibly active. However,
the front-door formula ultimately provides an equivalent expression to the true causal effect.

6

Conclusion

We introduced in this paper a definition for cluster causal diagrams which can be used to group
together variables in a causal graph for which the internal relationships may not be known a priori. We
9

have provided a new d-separation criterion, and shown how it leads to the soundness and completeness
of the do-calculus and the validity of the identification algorithm for C-DAGs. We hope this new
machinery can enable researchers to represent complex systems with numerous variables in simplified
ways, that allow for more nuance than previous approaches to abstraction, and maintain compatibility
with the gold standard approaches to causal reasoning, such that these methods can be more easily
used in practical applications.
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