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Abstract

Neural causal models can simulate interventions in complex, high-dimensional
settings, but typically require a known causal graph. Observational data, however,
generally identifies only a Markov equivalence class of graphs, represented by a
CPDAG, and causal queries may vary across DAGs in that class. We introduce
Masked Neural Causal Models (NCMs), a provably expressive nonparametric
framework for simulating and bounding interventional queries over all models
compatible with a given CPDAG given observational data. We give an optimization
objective in the space of masked NCMs that asymptotically recovers the true
bounds of the causal effect. To enable this optimization in practice, we introduce an
attention-based architecture and a novel optimization strategy that recovers highly
accurate bounds in discrete nonparametric settings.

1 Introduction

Causal generative models aim to simulate interventions in the world from high-dimensional obser-
vational data [27, 28] 15| 9L I5]. Their applications include editing images [14]], modeling cellular
perturbations [8} |26], estimating wage disparities from text [24]], and more. However, there is no
free lunch for such models: observations underdetermine the effects of interventions, a corollary of
the Causal Hierarchy Theorem [4]. To circumvent this barrier, they rely on the additional inductive
bias of a causal graph. In this work, we ask: to what extent can interventions be simulated from
observational data when the causal graph is only partially identified?

This question arises because, like causal effects, the true causal graph cannot in general be learned
from observational data alone. Still, this graph leaves traces in the data through invariances such as
conditional independencies. A profusion of causal discovery methods use these independencies to
learn not a single graph, but the Markov equivalence class (MEC) of causal graphs that describe the
data [22]. A completed partially directed acyclic graph (CPDAG) represents such an MEC: directed
edges are shared by all graphs in the class, while undirected edges indicate causal relationships whose
direction is ambiguous from observational data. However, it remains relatively understudied how to
perform generative modeling given an equivalence class.

Consider a drug discovery setting in which we wish to improve insulin sensitivity by modulating
an insulin-signaling pathway. Suppose A denotes a measured protein activity implicated in insulin
resistance, but A itself is difficult to target safely. Instead, we may be able to perturb other proteins X
and Y in the same signaling network, and we have observational measurements of protein abundance.
How do we know whether an intervention on X, Y, or both would be effective in changing A? We are
not merely interested in the observational probability P(A | X,Y): even if X and Y are predictive
of A, this association need not reflect what would happen if we actively perturbed them.
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Suppose causal discovery on these observational measurements identifies the CPDAG Y — X — A.
This tells us that there are direct causal relationships between X and A but not between Y and A.
This informs us that intervening on X and Y jointly is redundant; intervening on X suffices, since
it mediates any possible pathway from Y to A. However,both Y < X — AandY + X « A
are compatible the learned CPDAG, but imply different responses to the intervention do(X = x):
only in the first graph, perturbing X can change the activity of Y. Thus, a model that commits to a
single DAG may produce an incorrect simulation for our interventional query. Beyond this example,
MECs have been discovered in domains spanning biology, medicine, neuroscience, climate, and more
[23} 16,19, 21]]. Different DAGs in these equivalence classes can give rise to different causal effects;
for decision-making, it is useful to know the range.

In this paper, we develop an approach to causal generative modeling from Markov equivalence classes.
Our contributions are threefold.

1. We define Masked Neural Causal Models (Def. [2)), and show that they can express any
structural causal model over a given set of variables (Thm. [T)).

2. We formulate the causal query bounding from a CPDAG as a constrained optimization
problem in the space of masked NCMs and show that its optima recover the minimum and
maximum causal effects consistent with the CPDAG and data (Thm. ).

3. To solve this optimization in practice, we introduce an attention-based approach that recovers
causal bounds with high accuracy across various discrete nonparametric settings (Sec. @] [5).

Due to limited space, proofs of all theoretical results are provided in Appendix [B]

2 Background and Problem Statement

2.1 Related work.

The IDA family. Existing approaches for estimating causal effects from CPDAGs, such IDA
and its variants [13} [11} [12], compute possible effects by enumerating DAGs or possible parent
sets and are primarily developed for linear-Gaussian data. Unlike generative models, they do not
learn mechanisms from which one can sample observational, interventional, and counterfactual
distributions. Additionally, IDA assumes single-variable interventions; joint IDA generalizes this
to joint interventions, but requires enumerating potentially large connected components of the
equivalence class, and is thus best suited for sparse settings.

Amortized causal inference. A more recent line of work based on prior-fitted networks bypasses
the CPDAG altogether, instead aiming to estimate causal effects directly from observational data
[2L20]. These methods amortize causal effect inference using synthetic pretraining, and encode causal
assumptions in the data-generating prior instead of in a causal graph. Causal-PFN generates synthetic
data from a prior that guarantees that the causal effect is uniquely identified from the observational
data [2]]. On the other hand, Do-PFN generates synthetic data from SCMs with non-linear functions
and additive noise, where, assuming no unobserved confounding, the true graph (and hence the causal
effect) is uniquely identified from observational data [18].

2.2 Preliminaries

Notation. Capital letters (X) denote variables, dom(X') denotes their domains, small letters (z)
denote values in their domains, and bold letters denote sets of variables (X) and their values (x).
P(X) denotes the probability distribution over a set of variables X. We consistently use P(x) to
abbreviate probabilities P(X = x).

Structural causal models [17, 3]. A structural causal model (SCMs) is a formalism for data-
generating processes. An SCM M is a four-tuple M = (V, U, F, P(U)) where V and U are sets of
endogenous (observed) and exogenous (unobserved) variables respectively. F' is a set of mechanisms:
each V; € V takes the value f;(pa,, u;), a function of the values of its endogenous and exogenous
parents, Pa; C V and U; C U, respectively. P(U) is a joint distribution over U. We assume the
variables in U are jointly independent, and that for any distinct V;, V; € V, their unobserved parents
are disjoint. Such an SCM is said to be Markovian.



Every Markovian SCM induces a causal DAG, constructed as follows: (1) add a vertex for every
V € V,and (2) add an edge V; — Vj forevery V;,V; € Vif V; € Pavj.

Neural causal models [27,28]. A neural causal model (NCM) is a structural causal model with the
following additonal properties: (i) each exogenous variable U € U has domain [0, 1] and distribution
U ~ Unif([0, 1]), and (ii) each function f;(pa;,u;) is a feed-forward neural network mapping from
dom(Pa;) Ndom(U;) — dom(V;). Given a causal DAG G, an NCM is said to be G-constrained if
for each V; € 'V, the function f;(pa;, u;) satisfies Pa; = Paig, where Paig are the graphical parents
of V;in G.

Markov equivalence classes [16},22]. Two causal DAGs G, H are said to be Markov equivalent if
they encode exactly the same d-separations. The Markov equivalence class (MEC) of a DAG is the
set of all graphs that are Markov equivalent to it. An MEC M is represented by a unique completed
partially directed graph (CPDAG). We frequently refer to an MEC by its representative CPDAG. A
CPDAG €& for M has an undirected edge X — Y if M contains two DAGs G;,Gs with X — Y
inG; and Y — X in G,. &€ has a directed edge X — Y if X — Y is in every DAG in M. The
adjacencies of a variable X in a CPDAG £ comprise those variables connected by any edge to X. An
unshielded non-collider in £ is a structure X — Z — Y where X, Y are non-adjacent. An unshielded
collider in £ is a structure X — Z < Y where X,Y are non-adjacent. A DAG G belongs to the
MEC represented by £ if and only if it has the exact same adjacencies and unshielded colliders [22].

Now, we define the problem of partial causal identification from a CPDAG. We assume we are given
observational data sampled from a true, unknown SCM M*. M* induces a causal graph G, to which
P(v) is faithful. We are also given the CPDAG & representing the MEC of G.

Definition 1 (Optimal Interventional Bound (CPDAG) [29, Def. 2.1]). For a CPDAG & and
observational distribution P(V), the optimal bound [L, r] over an interventional probability P(yx)
is defined as, respectively, the minimum and maximum of the following optimization problem:

min / Meae) P (yx)

s.t. PMY(V) = P(V)
where Q(E) is the set of all SCMs whose induced graph G is in the MEC represented by E.

3 A Neural Parameterization of Equivalence Classes

3.1 Masked Neural Causal Model

In this section, we introduce the construct of a masked neural causal model. In a standard NCM, a
neural network fp, determines the value of a variable V;. The set of inputs of this network are fixed:
they are the causal parents of V;. Masked NCMs relax this assumption, and enable learning not only
the parameters of #; but also the causal parents of V; that optimize our desired objective.

Definition 2 (Masked Neural Causal Model (£-NCM)). Let V be a set of n observed variables. A
masked neural causal model is a 4-tuple N' = (V, U, Fy m, P(U)) where

* V is a set of (discrete and finite) endogenous variables,

* U is a set of exogenous variables following the distribution P(U), given by U; ~
Unif([0, 1]) for each V; € V,

e m € [0,1]"*" is a mask, and

* Fo.m is a set of feed-forward neural networks f; : dom(V_;) x dom(U;) — dom(V;) for
each V; that satisfy the following mask invariance. Let Pa; C V _; comprise variables
V; such that mj; > 0. For any values v_;, v’_, € dom(V _y) that agree on Pa;, and any

u; € dom(U;), we have
fitvoi ui) = filvl, u).

The functions of an SCM give a recursive mapping from its exogenous variables U to its endogenous
variables V. However, this is not the case in a masked NCM, which has cyclic dependencies between
its variables. We introduce a new notion of valuation for masked NCMs.



Definition 3 (Synchronous masked NCM valuation). Consider a masked NCM N =

(V, U, Fo.m, P(U)) and a nonnegative integer d. The synchronous depth-d valuation V(@ (u)
Sor any exogenous assignment u € dom(U) is defined as the unique value obtained by evaluating, in
ordert =0,...,d,

V() =0
VO ) = (f(V w), . AV )

The interventional valuation, for a set of variables X and assignment x € dom(X), is defined by
substituting f; with the constant function x; for any variable X; € X.

Given this valuation, we can define the observational and interventional distributions induced by a
masked NCM.

Definition 4 (Masked NCM induced distributions). Consider a masked NCM N =
(V,U, Fo.m, P(U)) and a nonnegative integer d. Let X, Y C V be sets of observed variables, and

x € dom(X),y € dom(Y) be assignments to their values. The induced distribution of depth d is
defined as

Py = > 1¥P(u) =y]P(u)
u€dom(U)

A mask assignment m naturally induces a directed graph over the endogenous variables, which
contains an edge © — j whenever m;; > 0. We say a mask acyclic if the graph that it induces is
acyclic. When a masked NCM is parameterized by an acyclic mask, we can show that the familiar
computation according to a topological order recovers the masked NCM valuation (Def.[6] Prop. [2).

In the next result, we establish that masked NCMs with acyclic mask assignments can simulate the
observational and interventional distributions of any standard SCM, and vice-versa.

Theorem 1. [Equivalence between masked NCMs and standard SCMs] Consider a masked NCM N
over variables with an acyclic mask inducing a DAG G. Then, there exists an SCM M over V such
that, for any sets of variables X, Y C V and their values x,y,

PN (y{®) = PM(yx)

where d is the length of the longest directed path in G. The converse also holds: for any SCM M
over V inducing a causal graph G, there exists a masked NCM N over G whose mask induces the
graph G such that for any sets of variables X, Y C 'V and their values Xy,

PN (y{®) = PM(yx).

X

This result shows that masked NCMs with acyclic masks constitute a sufficiently expressive space to
describe observational and interventional distributions induced by any SCM over the given variables.
Additionally, it shows that this space is not too expressive—it captures exactly the latter distributions.

3.2 Constraining Masked NCMs with a Markov Equivalence Class

Masked NCMs can express any SCM over a given set of variables and allow for gradient-based
optimization over the neural network parameters and mask. Next, we consider how this space can be
restricted using a given Markov equivalence class while preserving this property.

Recall that a given DAG G is in the MEC (& if and only if it has the same adjacencies and unshielded
colliders as & (Sec.[2)). To restrict the space of masks to acyclic masks, we can use the following
well-known result.

Theorem 2 (Acyclicity constraint [30, Thm. 1]). A mask m € [0, 1]"*™ induces a DAG if and only if
h(m) = tr(e™) —n=20
where e™ is the matrix exponential of m. Furthermore, h(m) is smooth.

Next, we need to ensure the mask contains no unshielded colliders not already in the given CPDAG.



Proposition 1. [Non-collider constraint] Given a CPDAG &, let T¢ be the set of unshielded non-
colliders. A matrix m € [0, 1]"*"™ represents a graph in £ only if

c¢(m) = Z mi;my; = 0.

(i,5,k)ETe

Furthermore, c(m) is smooth.

Let (©, M) be the space of all masked NCMs over variables V. Given a CPDAG &, we can define a
subspace of ©, M consistent with the constraints encoded in £.

Definition 5 (£-Subspace of Masked NCMs). Let (©, M) be the space of all masked NCMs over
variables V. The E-subspace of (O, M), denoted £((©,M)) is defined as the set of all § € ©, m €
M such that (i) h(m) = 0, (ii) ¢(m) = 0, (iii) m;; = 1 for any directed edge V; — V; in £, and (iv)
m;; = my; = 0 for any non-adjacent variables V;, V; in E.

Each constraint in the definition of an £-subspace of masked NCMs is a smooth equality constraint.
Note that there may be mask values in this subspace that do not exactly induce a graph in &£, since we
do not enforce the adjacencies in £. As it turns out, this constraint is not needed in order to derive
optimal interventional bounds from CPDAGs (Def. [I)) via masked NCMs.

Theorem 3. [Partial identification via E-masked NCMs.] Consider a CPDAG & over n variables
V, an observational distribution P(V, and an interventional query P(yx). Let £({©,M)) be the

E-subspace of the space of all masked NCMs over V The optimal interventional bounds (Def.[l| of
P(yx) from £ and P(V) can be derived by solving the following optimization problem:

min / max P (yx) such that PN(@™) (v = p(V)
0,me&((6,M))

4 Architecture and Optimization

4.1 A Relaxed Training Objective

In the previous section, we characterized, theoretically, how optimization in the space of masked
NCMs can recover interventional bounds from a given CPDAG and data. In this section, we propose
a practical implementation to solve this challenging, non-convex optimization problem.

Fitting the observational distribution. First, while the optimization is formulated in terms of the
population P(v), in practice we have a finite dataset of i.i.d. samples D = {v1,...,v,,}. Let P(v)
be the empirical distribution and D(:||-) be some divergence function between empirical distributions,
e.g., KL-divergence, negative log-likelihood, or max-mean discrepancy.

Optimizing the interventional query. Given a CPDAG &£ we learn masked NCM parameters 6
and a mask m as follows. By design, we fix the mask parameters m;; = 1 whenever £ contains a
directed edge 7 — j. Then, extending the objective of standard neural causal models to our case, to
maximize/minimize a query P(yx)), we minimize the loss

£(8,m) = D(LYE™ (VM[|L(V) + A - h(m) + A - e(m) £ DPYE™ ()| Pyx))
where P (yx) comprises our desired empirical distribution, e.g., a sample with all y = 1 if we want
to maximize P(y =1 | do(x)).

Example of masking. A basic feed-forward network that respects the non-parent invariance of Def.
can be obtained by taking an element-wise product. For simplicity, assume the endogenous variables
do not contain O in their domain. In Def. 2] for a variable V;, we have

Vi fi(v_i i) )]
To guarantee that f; does not depend on masked values v; in v; where m;; = 0, we can apply an
explicit element-wise product, feeding m.; ® v_; into f; instead of the vector v;.

We evaluate such an approach in practice, with implementation details in Sec. [C.2] and results in
Sec.[5] Next, we provide a more accurate attention-based optimization strategy.



4.2 Attentional architecture for £-NCM

We instantiate the structural functions of an £-NCM by a masked-attention architecture. At a high
level, the architecture takes the exogenous variables U and the endogenous variables V as token
inputs and produces predictions for all endogenous V as token outputs. At each position ¢, the input
is the exogenous draw U, and the corresponding output is the endogenous prediction V;; in this sense
the attention block serves as the structural function fl in (I)), mapping U; to V;. The masked attention
mechanism is what enforces the structural constraint: U; is prevented from attending to any token V
for which the indicator m;; = 0, i.e. for which Vj is not a parent of V; in the underlying DAG. We
describe this construction step by step.

Tokens and embeddings. The input sequence is ordered as (Uy,...,U,,V1,...,V,) and is
mapped into a sequence of 2n embedded tokens T € R?"*P via a pair of position-wise em-
bedding maps. Throughout the description of the architecture we use a,b € {1,...,2n} to index
token positions in the sequence, while 7, j € {1,...,n} continue to index variables as in the rest of
the paper; concretely, the token at position a corresponds to U, when @ < n and to V,_,, otherwise.
The embedding map is then

Embed (™ (U,), 1<a<n,
- ( 2

Embed,”, (Vo—n), n+1<a<2n.

Because each U; is a continuous uniform latent vector (Def. , Embedg“) :RPv 5 RP i imple-
mented as a multi-layer perceptron. For the endogenous V;, the embedding is a learned lookup table
Embed(a”) : {0,1} — RP. Importantly, the embedding parameters are not shared across variables
nor across the latent / endogenous sides: each of the 2n positions has its own embedding, which lets
the network learn variable-specific token representations.

Masked attention. After embedding, the 2n tokens T € R?"*P are processed by a stack of L
Transformer blocks. Each block first projects every token t, into a query, key, and value via learned
linear maps,

Qo = Wote, ko = Wkte, Ve = Wyte, a=1,...,2n, A3)

where Wq, Wi, Wy € RP*P are the projection matrices shared across positions. The £-mask
m € {0, 1}2"%2" is injected directly into the attention scores before the softmax,

Tk . exp(Ss,
QaXo log Mpa, Qqp = __oxp(sar) 4

Sab = - 3
“ VD S exp(sap)

where s, is the attention logit and «, is the post-softmax attention weight assigned by the query at
position a to the key at position b. Notice that the augmented mask entries my,, will make o, as 0
(since log 0 = —o0) if mp, = 0. Specifically, my, is constructed as follows:

* Self-attention everywhere. m,, = 1 for every position ¢ € {1,...,2n}, so each token
may always attend to itself. For latent positions a < n, this self-loop encodes the structural
fact that U; is, by construction, the exogenous parent of V; (Def. [2); the final output V;
is produced from this token’s hidden state. For value positions a > n the self-loop has a
different purpose: although the value tokens V; are never decoded into outputs and do not
appear in the training objective directly, allowing them to refine themselves through repeated
self-attention lets the network build expressive representations of V; that the latent tokens
can subsequently attend to.

* No cross-attention within U. m;, = 0 for every pair of distinct latent positions a # b with
a,b < n. By Def. the exogenous noises are mutually independent, so U is never a parent
of V; for j # 1.

* No cross-attention within V. m;, = 0 for every pair of distinct value positions a # b with
a,b > n. As noted above, value tokens are not decoded as outputs; their representations
contribute to the model output only through interacting with former token U. Allowing
them to mix with each other would not respect the structure imposed by the mask.



* Cross U and V governed by the mask. A latent token at position a = ¢ attends to a
value token at position b = n + j iff the £-mask declares V; to be a parent of V;; that is,
Mnj,i = Mj;, Where my; is the £ mask entry. When m; = 0 the score ;4 is driven to
—oo and the corresponding weight oy; ,4; vanishes after the softmax; when mj; = 1 the
weight is a learned positive value. All remaining cross entries (the U — V direction) are
zero, so the value tokens never attend back to the latents.

Concretely: when V; is not a parent of V;, the score s; 4 is driven to —oo and the corresponding
weight o, vanishes after the softmax; when V; € pa(V;), the weight is a learned positive value.
The output of the attention block at the latent position a = 7 is therefore the convex combination

AttH(T)Z = 4 ;Vj + Z ai,n+j VnJrjv (5)
Jj €pa(Vi)

mixing the latent’s own value with the value tokens of its DAG parents only, which encodes the
structure carried by the £-mask continuously through the attention scores of Eq.[d To illustrate this
design, observe that the query q; is a learned function of U; alone (by Eq.[3] and the embedding
map of Eq.[2); since every weight «; ;, depends on q; through the dot product q; k, U; enters the
computation of every attention coefficient at position %, in particular through the self-loop term
o ; v; that is guaranteed to be non-zero by m;; = 1. The mask therefore, restricts only which
value tokens are mixed in alongside U;, never whether U; itself participates in producing the latent’s
output. Following the masked attention, each block applies a position-wise feed-forward sublayer
with residual connections and layer normalization in the standard pre-norm Transformer arrangement;
the architecture stacks L such blocks, and the final hidden state at each latent position a = ¢ is fed to
the per-variable output head to output Vﬂ

4.3 Reinforcement learning over the space of masks

The differentiable-mask formulation searches over a continuous relaxation of adjacency matrices, and
generates samples without hard thresholding of these masks. While this is desirable for gradient-based
optimization, it may come at a cost of accuracy. We next present an alternative search strategy over
masks that leverages thresholding in the attention-based architecture.

At a high-level, we indirectly sample from the space of masks by sampling from the space of
topological orderings over n nodes. We parameterize a distribution over orders using Plackett—
Luce scores: a higher score for a variable V; makes it more likely to appear earlier in the sampled
topological order. Given a sampled order 7, we construct a hard acyclic mask m(7) and evaluate
the £-NCM under that mask. Since all oriented reversible edges point forward in 7, acyclicity is
guaranteed by construction; only the collider constraints remain to enforced. We then optimize over
the space of these ordering probabilities and attention parameters with a reward dependent on data fit
and collider constraints. Details and pseudocode can be found in Sec.[C.3]

S Experiments

5.1 Partial identification accuracy

Data generation. We consider four distinct MECs, whose CPDAGs are shown in Fig. 1] We fix a
true causal graph from each MEC, and consider {1, 8} —dimensional variables with binary domains.
We sample five datasets with 10* datapoints for the 1-d setting and 10° for 8-d from an expressive
regional canonical model following [27]]. The true MEC £ is given as input to all relevant methods.
To compute the gold-standard bounds, we manually derive possible causal estimands for graphs in &,
and compute these using empirical frequencies in the generated data.

Methods and baselines. We evaluate four methods in total: (1) a G-NCM baseline, where we
sample k£ = 3 DAGs uniformly from &£, and train a G-NCM for each, following [7]]; (2) Do-PFN [20]],
with 103 posterior samples to estimate the [2.5%,97.5]% confidence interval, used as a proxy for
the lower/upper bound; (3) a feed-forward £-NCM using soft masks following Thm.[I} and (4) an
attention £-NCM trained with reinforcement learning. We rerun each neural method thrice, varying
the random initialization.

IThe structure here is illustrated with one-layer attention with one head. But it can easily be extended into a multi-head.
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Figure 1: Graphs and results in Exp. Error bars show one standard deviation across 5 random
datasets and 3 random initialziations (for neural methods). The Attention £-NCM consistently
outperforms baselines in accuracy, showing near-exact recovery of upper and lower bounds of
interventional queries across graphs.

Results. Results for the 1-d setting are shown in Fig.[Te] N
and 8-d in Fig. 2] The Attention £&-NCM consistently 0.20 EE Max
outperforms baselines in accuracy, showing near-exact
recovery of upper and lower bounds of interventional
queries across graphs. Do-PFN is consistently the least
performant, in two ways: it consistently outputs very
similar upper/lower confidence estimates despite non-
identifiability, and these estimates are significantly outside
the true bounds (Fig. 58). This may be explained by a
mismatch between our data generating process (discrete,
non-parametric) and Do-PFN’s pre-training prior (contin-
uous, additive noise). Additionally, the upper/lower con-
fidence estimates estimated by Do-PFN are highly similar, Chain
suggesting that the posterior of the causal effect concen-

trates on a single value despite non-identifiability. The Figure 2: Accuracy of attention NCM on
comparison between the sampling G-NCM baseline and  8-dimensional covariates.

the feedforward masked NCM is more subtle. The sam-

pling baseline is competitive in certain graphs, but its performance is less consistent than that of the
FF-NCM; the high variance highlights the sensitivity of this approach to the actual graphs that are
sampled.
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Figure 3: Min (left) vs max (right) mask structures learned for the chain graph, giving rise to
estimands P(y | z) and P(y).

Further experimental details can be found in Sec. [C}

5.2 Real-world Barley network

Setting. The Barley directed graph [10] is a real-world Bayesian network from the Bayesian
Network Repository)’| containing 48 nodes. It was originally designed as a decision-support
model for growing malting barley without pesticides. We consider the query: what is the com-
bined causal effect of the variety (sort) and sowing time (saatid) of barley on its protein con-
tent? These may be confounded by several factors, for instance, weather conditions affecting
both sowing time and protein content. The Barley graph was expert-elicited, but we consider
an alternative: what if we learn a MEC £ from the data, and attempt to identify this query?
Since the real-world causal effect is unknown,

we generate 10° binary-valued datapoints ac- e
cording to the expert-provided graph from a 09 @O Leamed min/max
regional canonical model, and consider iden-
tifying the query P(protein = 1 | do(sort =

0, saatid = 0)), and do one run of each of the
four methods presented in Exp. [5.1] (increasing

k =5 for the G-sampling baseline).

o
<

Results. In our generated data, the query is not
identified from £ and P(v) alone, with a gap —_—
= 0.2 between the upper and lower bounds. The
attention NCM recovers the true upper and lower
bounds exactly, despite the high dimensionality
of this setting. The FF-NCM, on the other hand,
mistakenly learns the same value for the upper

Query value
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and lower bounds, though this value is within .

the true bounds. The sampling baseline correctly ' .

learns the lower bound, but its upper bound is & 00:2?‘* é;o“ &aﬁg’i
<

off by ~ 0.1, suggesting it is unable to find the
extrema of the query for this large graph. Do- Figure 4: Accuracy of methods on data generated
PEN has the least accuracy, with a learned value the Barley network (Exp. @

significantly outside the true bounds.

6 Conclusions

In this work, we introduced a novel characterization of the space of structural causal models over
a given set of variables via masked neural causal models, capable of expressing any such SCM
(Def. 2} Thm.[T). We showed that masked NCMs enable optimization in the space of SCMs consistent
with a learned Markov equivalence class and can thus be used to simulate and bound the effects of
interventions given such a Markov equivalence class and observational data (Thm. ). Based on
this result, we developed an attention-based architecture and optimization strategy that yields highly
accurate estimates of causal bounds in practice (Sec.[3) compared to baselines.

Zhttps://www.bnlearn.com/bnrepository/
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A Extended Background and Definitions

A.1 Further Definitions

Definition 6 (Masked NCM recursive valuation). Consider a masked NCM N =
(V,U, Fg.m, P(U)) with an acyclic mask m inducing a DAG G. Let < be a topological ordering
of V according to G. For each V; € V, let Pa; :== {V; € V : mj; > 0}. The recursive valuation
V=(u) for an exogenous assignment u € dom(U) is the unique assignment obtained by evaluating,
in topological order,

Vi(w) = fi(vEu),
where Vfiaf' denotes the vector in dom(V _;) whose j-th coordinate is
(vaii) — Vj(u)v Vj € Pa,
- J 0, ‘/J ¢ Paz-.

Equivalently, V;(u) is computed by applying f; to the previously computed parent values and setting
all masked-out inputs to 0.

The interventional recursive valuation, for an intervention do(X = x), is defined in the same way in
the intervened model obtained by replacing f; with the constant function x; for every X; € X.

B Further Results and Proofs

B.1 Masked NCMs

Proposition 2 (Equivalence of recursive and synchronous valuations for acyclic masks). Let N =
(V,U, Fyg.m, P(U)) be a masked NCM whose mask m induces an acyclic graph G. Let < be any
topological ordering of G, and let 'V (u) denote the recursive valuation computed according to <.
Then, for every exogenous assignment u € dom(U), the synchronous valuation of depth d for any
d > n agrees with the recursive valuation:

V@ (u) = V(u).

More generally, if Ndo(xzx) denotes the masked NCM obtained by replacing f; with the constant
Sfunction x; for each X; € X, then

Vfﬂ?(x:x) (1) = Vo(x=x) ().

12



Proof. We prove the observational claim; the interventional claim follows by the same argument
after replacing each intervened structural function f; by the corresponding constant function.

Let the variables be indexed according to a topological ordering <, so that if V; € Pa;, then j < i.
Since the mask is acyclic, every parent of V; precedes V; in this ordering.

For each 4, let £; denote the length of the longest directed path in G ending at V;. Thus ¢; = 0 exactly
when V; has no parents, and otherwise

f; =14 max /.

V;€ePa;
Because G has n vertices and is acyclic, ¢; < n — 1 for all 4.

We show by induction on /; that
Vi(t)(u) = V;(u) forallt > ¢; + 1.

First suppose ¢; = 0. Then V; has no parents. By the masking invariance, f; depends only on u;,
with all non-parent endogenous inputs set to 0. Hence the first synchronous update gives

V() = £i(0-w) = Vi),
which proves the base case.

Now suppose the claim holds for all variables whose longest-parent-path length is at most &, and let
¢; = k + 1. Every parent V; € Pa;, satisfies £; < k. Therefore, by the induction hypothesis, for
everyt > k+ 2,

Vj(t_l)(u) = Vj(u) for all V; € Pa;.

All non-parent inputs to f; are masked out, equivalently fixed to 0, in both the synchronous and
recursive evaluations. Hence, forevery ¢t > k +2 = ¢; + 1,

v = f:(VE D ), u)
= fi |v7i\pa,/:0 (Vpai (u), Uz)

= Vi(u).
This proves the induction step.
Since ¢; < m — 1 for every ¢, we have V;(n)(u) = V;(u) for every coordinate i. Therefore,
V®(u) = V(u). O

Theorem 1. [Equivalence between masked NCMs and standard SCMs] Consider a masked NCM N
over variables with an acyclic mask inducing a DAG G. Then, there exists an SCM M over V such
that, for any sets of variables X, Y C V and their values x,y,

PN (y{®) = PM(yy)

where d is the length of the longest directed path in G. The converse also holds: for any SCM M
over V inducing a causal graph G, there exists a masked NCM N over G whose mask induces the
graph G such that for any sets of variables X, Y C 'V and their values x,y,

PN(y(®) = PM(yy).

X

Proof. Forward direction (masked NCM to SCM). Consider a masked NCM N =
(U, V, Fg.m, P(U)) with acyclic mask m inducing graph G. Construct a standard SCM M =
(U, V', F', P(U’)) as follows. Let U, V' and P(U’) be as in N. Let f; € F be the function
determining V; in V, having the form

Vi« fi(V_i, Us).

For each V; € V, let Pa; := {V; | m;; > 0}. Then, define the functions in the SCM M as follows.
Let each f! : dom(Pa;) x dom(U;) — dom(V;) be a mapping defined as

filpa,,ui) = fi(v_i, Uy).
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where v;_; is the vector of values whose j-th component is pa; ; if V; € Pa; and 0 otherwise.
By construction, M induces the graph G. Next, we claim for any u € dom(U), X C V, and
x € dom(X) the masked NCM synchronous depth-d valuation agrees with the SCM valuation.
Consider a topological order consistent with G; this is consistent with both the masked NCM and

the constructed SCM. By Prop. [2] the synchronous masked NCM valuation equals the order-based

valuation: we have V& (u) = V=(u). We construct f/ to match f; with non-parent inputs set to

zero; the topological evaluation of V=(u) is analogous, setting non-parent inputs to zero (Def. @)
Therefore, V= (u) = V'~ (u), where the latter is the SCM valuation. Finally, this implies

PV = 3 Vi =vIP= Y 1[V7Q)=v]P(a)=P"(v)
ucdom(U) ucdom(U’)

and we are done.
Backward direction (SCM to masked NCM).

Without loss of generality, we can assume that M is an SCM with discrete and finite dom(U) [27,
Def. 10, Lemma 2]. Let M induce the graph G. First, construct the mask assignment m as follows.
For every V;, Vj such that V; — Vj in G, set m;; = 1. Otherwise, set m;; = 0. Thus, m also induces
G. Since G is acyclic, so is the mask.

Next, we will construct A" = (V' U’, 7', P(U")) as follows.

I. LetV =V,
2. Let U’ contain a variable U; ~ U([0, 1]), as in Def. 22.
3. For each V; € V, we construct two MLPs.

* First, let U; C U be the set of exogenous variables in M affecting V;. By [27, Lemma
5], there exists an MLP f£ : dom(U;) — dom(U,) mapping ([0, 1]) to P(U,), that
is, for any u € dom(U;), we have PN-™(fP(u;) = u;) = PM(u). Then, for any
u € dom(U), we have

PM(U=nu)= H P(U; =w;) (U; are jointly independent)
i=1 n

ey

1=1,...,n
= H PN®(fP(U;) = w;) (By construction of f!')
1=1,...,n
* Next, we want to construct an MLP f1 : dom(V_;) x dom(U;) — dom(V;) to
simulate f; : dom(Pa;) x dom(U;) — dom(V;). Since dom(V') and dom(U;) are
both discrete and finite, by [27, Lemma 4], there exists an MLP
i dom(Pa;) x dom(U;) — dom(V;)
agreeing with f;. To construct the MLP £ simply define
fiI—I(v—iv ul) = fz/H(pam ui)

where pa,; denotes the values assigned to Pa; in v_;. This satisfies the non-parent
invariance condition of Def. |2} since f# does not depend on values v_; \ pa,.

* Finally, we define the MLP f/ : dom(V _;) x dom(U;) as the composition of MLPs
f{(v—?ﬁui) = sz(V—quR(u?)) (6)

Fix a topological order < consistent with the graph G It remains to show that PV (V;(d)) = PM(Vy)
for any X C V and assignment x.
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Since m is acyclic, it follows from Prop. |2 Ithat for any u € dom(U), we have Vil (u) = Vi3 (u)

and hence PV (v,((d)) PN(vZ). Then,
PN = Y 1[Vi(u) =v]P(U' =u)
uedom(U’)
— Z H 1[f! lv\pa,=0 (V—i,ui) = v;] ( H 1[V; ) PN (U =)
ucdom(U’) \V;eV\X V;eX

= > (1

ucdom(U’) \V;eV\X

- 5

uedom(U’) \V;eV\X

= > |1l

ucdom(U’) \V;ieV\X

= > | I

ucdom(U) \V;eV\X

- ¥

uedom(U) \V;eV\X

= > | 1I

ucdom(U) \V;eV\X

= > | 1I

ucdom(U) \V;eV\X

= PM(VX)

B.2 CPDAG-Constrained Masked NCMs

IT 15" pa;, £7(w) = vl (H 1V, =
1(fi(pay, f{*(u:)) = v (H 1V;
1[fi(pa;, u;) = vi] (H 1V,
I 1ilspa,w) =]

[fz pawuz =

) VieX
[fl pa;, uz - Uz
VGX

(By Def. 22, where Pa; contains Vj s.t. mj; # 0)

l[fiH(v—usz(uz)) == Ui] ( H 1[‘/1 = :vl]) PN’m(U/ = u)

(By construction of f/)

xl]> PN = )
ViexX
(By construction of fiH )

= xz]> PN (U = u)
Viex
(By construction of f/)

m>PMmUWUU—m
V;eX
(By construction of f{* and change-of-variables)

(I=st) 1L

H PN (R = wy)
VieX
(U] € U’ jointly independent)
= ;L’A) H P'/\/I(UZ = ui)
i=1,...,n
(by construction of each fiR)
xJ) PM(U =)

(U; € U jointly independent)

Lemma 1 (MEC of DAGs [251]). Two DAGs are Markov equivalent if and only if they have the
same skeleton and the same unshielded colliders.

Proposition 1. [Non-collider constraint] Given a CPDAG &, let T¢ be the set of unshielded non-
colliders. A matrix m € [0, 1]"*™ represents a graph in € only if

c¢(m) =

E m;;Me; = 0.

(i,3,k)€Te

Furthermore, ¢c(m) is smooth.
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Proof. Let m € [0,1]"*™ represent a DAG in the Markov equivalence class encoded by £. Then
every unshielded triple in 7¢ must remain a non-collider. Hence, for every (i, j, k) € T¢, the DAG
cannot contain both ¢ — j and & — j. Therefore, m;;my; = 0, and the sum over all such triples
¢(m) is also zero.

Smoothness follows because ¢(W) is a finite sum of polynomial functions of the entries of W.

For a single triple (i, j, k), let
cijk(W) = mgjmpg;.

Then 9 9
Cijk _ M, Cijk

= Myj,

amij Bmkj

with all other partial derivatives equal to zero. Summing over all triples in 7¢ gives

0
- Y war YW
w k:(i,5,k)ETe L:(1,4,1)€Te

O

Theorem 4. [Partial identification via E-masked NCMs.] Consider a CPDAG & over n variables
V, an observational distribution P(V, and an interventional query P(yx). Let £({©,M)) be the
E-subspace of the space of all masked NCMs over V The optimal interventional bounds (Def.[I]of
P(yx) from € and P(V) can be derived by solving the following optimization problem:

min / max P (yx) such that PN (@™ (V")) = p(V)
0,me&((6,M))

Proof. Let [I,] be the true bounds and [/, 7] be the NCM bounds. Consider any NCM and mask
assignment m satisfying h(m) = 0, nc®(m) = 0, and PN(@™) (V) = P(V). Say #, m induce a
value ¢ € [[, 7] for the query P(y).

Let G denote the DAG induced by m. Under the faithfulness assumption, when the NCM fits the
observational data PV (?™) (V) = P(V), its induced DAG must fall under the Markov equivalence
class of models sharing P(V). By Lem.|l|and the correctness of the non-collider constraints, we
have that m induces a valid DAG G in the MEC represented by £. By Thm. [T} there exists an SCM
M inducing G such that N'(f, m) and M agree on all interventional distributions. Since the query

value induced by M is accounted for in the true bounds, we have ¢ € [I,]. Therefore, [I, 7] C [I,7].
Next, consider any SCM M € Q(€) inducing graph G, distributions P(V), and query value g € [I,7].

Again, by Thm.[T] there exists an E-NCM A and an £ =admissible mask assignment m such that
N (6, m) agree with M on all interventional distributions. Since N (6, m) is accounted for in the

neural bounds, we have ¢ € [I,7]. Therefore, [, 7] C [/, #] and we are done. O

C Methods and Experiments

C.1 Details on data generation

In all generated datasets, we enforce that there exists a gap between the true upper and lower bounds
of the query. We use a regional canonical model with c2-scale 2.0. For an extended description of
such models, see [28), Sec. B.3].

C.2 FFN Masked NCM architecture and hyperparameters

We give the pseudocode for the feed-forward masked NCM training in Alg. [T]and hyperparameters in
Table[T} A key design choice is using an alternating optimization over the mask m and the neural
network parameters 6. Since any interventional query is uniquely identified given a known graph in
the Markovian setting, we update 6 based only on fit to the data, and not based on the query. The mask
m is updated on all loss terms: data fit, acyclicity, colliders, and query. Finally, we consistently apply
a post-processing step to switch learned min/max values in any runs where thier order is flipped.

16



Algorithm 1 Masked FF-NCM bound optimization

Input: Dataset D, CPDAG (&), query @, variables V'
Input: Learning rates 79, s, acyclicity weight A, collider weight A\, query weights schedule

Aq(t);

1: Initialize a neural network f; for each X; € V

2: Each f; takes candidate inputs {X; : ¢ # j} and node-specific noise U}
3: Initialize soft mask M € [0, 1]/VIxIVI

4: for all directed edges : — j € Fq;, do

5: Set M;; = 1and M;; =0

6: end for

7: for all non-skeleton pairs {i, j} do

8: Setﬂlﬁ ::AQE::O

9: end for

10: for all undirected edges {i,j} € Fynair do

—_ =
N =

Introduce one learned coupling parameter o

Setﬂﬁjzza(aw)andﬂjﬂ-: 1—-U(QH)
13: end for
14: for all bound directions b € {min, max} do
15: Initialize neural parameters 6 and mask parameters ¢
16: fort=1,...,T do
17: Theta phase:
18: Sample minibatches from D and from the masked FF-NCM
19: Using synchronous sampling, compute
Lo = % Y MMD (Ddo,Ddo(e,M(gﬁ))) .
do€T
20: Update 6 using VyLg
21: Mask phase:
22: Recompute L with current 6 and M (¢)
23: Estimate query loss £ by Monte Carlo samples from the masked FF-NCM
24: Compute acyclicity penalty h(M) = tr(exp(M)) — |V
25: Compute any equivalence-class non-collider penalty £,
26: Update ¢ using
Vo [Liiv + AQ(t)Lq + Anh(m)) + Acc(m))].
27: end for
28: Freeze M (¢) and optionally refine 6 with mask fixed
29: end for

30: return trained min/max masked FF-NCMs and their query estimates

C.3 Atention Masked NCM: RL Architecture and Details

Let 7 be a permutation of [n], and let 7 (¢) denote the rank of V; in 7. The order-induced mask m ()
keeps every compelled edge of £ and orients each reversible edge V; — V; as

Vi—=V; iff re(i) <rz(j).

Let p1, ..., pt—1 be the chosen orders preceding time ¢. The Plackett—Luce scores over orders at time
t are defined as p € R™:

n

exp(pr, )
qp(m) = :
’ t=]:[ 2 o1} EXP(P5)

For a sampled hard mask m, we compute the observational negative log-likelihood

1
NLLg,,,, = "B > " log Pom(v)
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Table 1: Masked FF-NCM hyperparameters.

Hyperparameter 1-D setting 8-D setting
Endogenous dimension d=1 d=38
Scalar variables all variables X,Y scalar
High-dimensional variables none W, Z with dimension 8
Exogenous noise dimension 1 8
Number of samples 10,000 100,000
Data batch size 1,000 1,000
NCM batch size 1,000 1,000
Hidden layers 2 2
Hidden width 128 128
Optimizer AdamW AdamW
Neural learning rate 7, 4x1073 4x1073
Mask learning rate 7y 0.1 0.1
Masking rule multiply multiply
Mask initialization Uniform(0.1, 0.9) Uniform(0.1, 0.9)
Acyclicity penalty NOTEARS [30] NOTEARS [30]
DAG penalty weight Apac 0.1 0.1

Mask ¢; weight 0 0
Non-collider penalty weight 0.1 0.1
Theta:Mask update ratio 1:1 1:1
Query-gradient target mask only mask only
Query weight schedule 1072 - 107* 1072 —» 107
Max epochsquery iterations 1000 1000
Theta-only refinement 50 epochs 50 epochs

and the query log-probability
IOg Q@,m = lOg Pe,m(y:c)-
The structure policy is trained with a score-function estimator. For upper bounds we reward large
query probability, and for lower bounds we reward small query probability:
R(m) = )‘qSIOg Qe,m — Anll [NLLH,m - T]+ — AcolChard (m)7

where s = +1 for maximization and s = —1 for minimization, 7 is the allowed observational-fit
threshold, and cpa,q(m) counts hard violations of the CPDAG collider/non-collider constraints.
Let b be an exponential-moving-average baseline b <— nb + (1 — 1) R(m), and define the advantage
A(m) = R(m) — b. The structure loss is

Lrr1, = —A(m)log g, 3(m).

The advantage is treated as a constant in this product, so gradients reach the order and edge policy
only through log g, 5(m). The neural structural parameters ¢ are updated through the likelihood
under the sampled DAG:

L= NLL@,m + ERL - BHH(QP)a

where the optional entropy bonus H (g, ) encourages exploration over orders during the pre-freeze
phase and is annealed to zero.

After the order policy has concentrated, we decode a MAP order & = arg max, ¢, (), construct the
corresponding hard DAG, and freeze the mask. The second training stage then optimizes only the
neural structural parameters under the frozen DAG.

C4 Detailed Experimental Results

In Figs. 5} [8] we provide detailed results across runs of the various methods in Exp.
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Figure 7: Detailed results for square (Exp
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Algorithm 2 Reinforcement learning structure search

Input: CPDAG €&, batch B, order scores p, edge logits 5, NCM parameters 6
1: Sample a topological order 7 ~ g, ()

2: Construct a hard acyclic mask m by orienting CPDAG-allowed edges forward in 7
3: Evaluate the masked NCM under m and compute NLLy ,,
4: Compute log Qg = log Py 1 (yx)
5. Compute reward R(m) from query value, NLL feasibility, and collider constraints
6: Update exponential moving average baseline b and advantage A(m) = R(m) — b
7: Form Lgy, = —A(m) log g, 5(m)
8: Update 0, p, 5 using NLLg ,,, + LRr1
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Figure 8: Detailed results for kite (Exp. .
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