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Abstract

Understanding the effects of interventions is central to scientific progress, with
randomized controlled trials (RCTs) regarded as the gold standard for causal in-
ference in many applied fields. However, RCTs are costly, time-consuming, and
often constrained by ethical or practical limitations, motivating the need for causal
methods able to draw conclusions from observational data. While such data is col-
lected at ever larger scale, making its use for causal inference is often hindered by
the fact that not all variables affecting treatment allocation and the outcome are
observed – an issue known as unobserved confounding. In this paper, we intro-
duce a new study design called confounder detection via treatment intent. The
idea is to query a human expert who makes treatment decisions, and ask them
to compare pairs of units proposed by a principled matching strategy, with the
goal of eliciting unobserved variables that explain why treatment decisions differ.
We provide a theoretical basis for such a procedure, ascertaining conditions under
which such a study design may elicit unobserved confounders. Building on this
newly established foundations, we study treatment effects of interventions in the
intensive care unit (ICU). First, we show empirical evidence strongly indicating
that electronic health records (EHRs) collected in ICUs are subject to unobserved
confounding. By using clinical text notes as a proxy for physicians’ knowledge
and leveraging natural language processing, we provide a proof of concept for our
methodology in a semi-synthetic environment with a known ground truth.

1 Introduction

Observational data is collected at ever larger scale across empirical sciences, offering a valuable and
inexpensive resource for answering scientific questions [11, 7]. This abundance of data also creates
an opportunity to draw causal conclusions without resorting to costly experimentation. Such infer-
ence, however, does not come for free: moving across the layers of Pearl’s Causal Hierarchy (PCH)
[5] requires appropriate causal assumptions. We focus on the classical setting of treatment effect
estimation, where the goal is to infer an interventional (Layer 2) quantity from observational data
(Layer 1). The treatment is denoted by X , outcome by Y , and a vector of confounders by Z, where
Z causally precedes (X,Y ). One of the most common causal assumptions used for identifying
treatment effects in such a setting is the back-door criterion [16], which permits adjustment-based
identification of interventional quantities from observational data [16, 3].

The assumptions required for back-door admissibility, however, need not always hold true. For
instance, when some of the common causes of X and Y remain unobserved – a situation
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referred to as unobserved confounding – back-door admissibility does not hold. Such con-
founding is arguably the most common roadblock faced by causal analysts working with ob-
servational data, appearing across empirical sciences, ranging from medicine and epidemiol-
ogy to economics and the social sciences. Importantly, unobserved confounding can rarely
be ruled out from the data alone. In this paper, we use an applied example to illus-
trate our methodology, specifically in the context of treatment effect estimation in the inten-
sive care unit (ICU), where interventions are allocated by physicians attending to patients.

Figure 1: Estimated ETT of mechanical
ventilation on in-hospital mortality across
three ICU databases.

Example 1 (Mechanical Ventilation from EHR data).
Mechanical ventilation (X) is one of the key treatments
for ICU patients, used to support or improve oxygena-
tion, while in-hospital mortality (Y ) is a typical out-
come of interest. Adjusting for a set of observed covari-
ates Z (including age, sex, SOFA score, and physiolog-
ical signals; see Sec. 2), we estimate the effect of the
treatment on the treated,

ETT := E[Yx1
− Yx0

| X = x1], (1)

across three large ICU databases (MIMIC-III [12],
AUMCdb [20], SICdb [17]). Fig. 1 shows the estimated

ÊTT
bd

values, which are strongly above zero in every
dataset. Under the assumption of no UCs, one would conclude that mechanical ventilation increases
mortality among the patients who actually received it. While it is possible that some patients in the
broader population may be harmed by this treatment, domain experts would strongly reject such a
finding of harm in the treated population, who are often ventilated for a reason. The estimate is
therefore a near-certain signature of UCs. □

How does one proceed in the presence of such unobserved confounding? The first broad alternative
is to collect experimental data (for instance, for the ETT in Eq. 1 one could apply counterfactual
randomization [4]), which would control for UCs by design. However, this alternative does not
come without its own difficulties: carrying out trials requires significant resources in terms of cost,
study design, preparation, patient recruitment, and conduct, and ethical or logistical constraints may
further limit their feasibility – or rule them out entirely [10, 19]. The second alternative is to leverage
domain knowledge to identify additional covariates that should be measured, and to collect data on
them in a future iteration of the study. Eliciting such domain knowledge directly, however, may be
non-trivial: experts are rarely trained to reason in such terms, and asking an ICU physician to enu-
merate the unmeasured causes of the mechanical-ventilation-to-mortality relationship is a daunting
exercise. Interestingly, systematic ways for eliciting unmeasured confounders have received little
investigation.

In this paper, we propose an observational study design that attempts to systematically elicit can-
didate unobserved confounders from a decision-maker (DM) who assigns treatment. The key ob-
servation is that any U that confounds the X → Y relationship must be available to the DM at the
time of the decision – otherwise it could not affect X . Suppose then that (i) we may interact with
the DM, and (ii) the DM has the cognitive ability to compare different sample pairs. Under these
two assumptions, rather than asking them to list unmeasured confounders in the abstract, we may
ask them to compare pairs of units (i, j) with Xi = 1 (treated) and Xj = 0 (untreated), with the
intention of eliciting why the treatment decision differed.

Example 1 (Continued – Comparing Ventilated Pairs). Let Z(1) denote the SOFA score, a standard
ICU severity score ranging from 0 to 24, with higher values corresponding to greater illness severity.
Let U (1) be the patient’s difficulty breathing perceived by the physician, which is not recorded in the
EHR. We consider three candidate pair proposals, where in each a treated patient i (Xi = 1) and
an untreated patient j (Xj = 0) are compared:

(1) Patients i and j have the same SOFA score, Z(1)
i = Z

(1)
j = 5, meaning neither is sicker along

the observed Z(1). If asked for a reason for different treatment between i and j, a physician who
made the decision with access to (Z(1), U (1)) would most likely not cite Z(1) as the explanation
of their decision. IfU (1)

i = 0, whileU (1)
j = 1, variableU (1) would be a more likely explanation.
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(2) The treated patient i has Z(1)
i = 5 while the untreated patient j has Z(1)

j = 10, meaning
patient j is sicker along Z(1). In such a setting, the DM would again likely not cite Z(1) as the
explanation for their treatment decision.

(3) Finally, suppose that Z(2) (sex) is available, and we have

Z
(1)
i = 5, Z

(2)
i = 1, U

(1)
i = 0, (2)

Z
(1)
j = 5, Z

(2)
j = 0, U

(1)
j = 1. (3)

In such a setting, determining U (1) as the explanation of differing treatment would be made
more difficult compared to Case 1, due to the additional existence of variable Z(2) along which
the patients differ, which may deter the DM. □

Z U

X Y

Figure 2: Causal diagram.

The above example illustrates some of the key principles behind our
framework. Case (1) argues that if patients match on Z, the DM is
forced to name a variable outside Z to explain the treatment difference
– e.g., U (1). Case (2) leverages a natural monotonicity consideration of
this setting: if the decisions are monotone with respect to Z(1) (which
is the case with the SOFA score in ICU data), then seeing the sicker
patient untreated would render Z(1) an unlikely explanation – again pointing to U (1). Case (3)
shows that comparisons become harder whenever patients differ along observed covariates that are
not clearly monotonically related to the outcome (or when monotonic covariates point to different
illness levels), since such differences invite explanations related to Z, and do not reveal UCs. These
observations raise the central question of this paper: are there systematic, principled ways to propose
patient pairs to a domain expert so that the elicited explanations are likely to correspond to genuine
unobserved confounders? Specifically, our contributions in the paper are as follows:

(i) We formalize a new observational study design, confounder detection via treatment intent
(CDTI). We further develop a framework for analyzing such a study design, comprising a
matching strategyM (how sample pairs are proposed to a human annotator) and an extraction
strategy ε (how the decision-maker reasons over a pair).

(ii) We introduce specific matching strategies – Z-matching, π-matching, and Z-dominance –
and provide theoretical support for them by establishing stochastic-dominance results that
characterize when each strategy yields pair distributions informative about U (Thm. 1). We
then establish further results on dominance between strategies (Thms. 2 and 3).

(iii) We illustrate our study design based on ICU data. First, we provide evidence that EHR-based
estimates of the effect of common ICU interventions are strongly confounded (Ex. 1). Then,
we further validate our study design based on semi-synthetic MIMIC-III data.

Related work. The ideas in this paper are related to counterfactual randomization [4], which ac-
knowledges that the DM has access to information about U that is not captured in the recorded
covariates. Our work, however, uses this observation with a different purpose, namely for eliciting
UCs through structured queries. Further, our work is also related to research on combining obser-
vational and experimental data to sharpen causal conclusions [2, 18, 14]; in contrast, however, our
study design remains purely observational and does not modify treatment decisions; in other words,
it does not require experimentation on the treatment variable X .

2 Confounder Detection via Treatment Intent

We now describe our theoretical setting. We consider a treatment variable X (e.g., mechanical
ventilation in ICU), outcome variable Y (in-hospital mortality), a set of observed confounders Z
(SOFA score, age, sex), and a set of unobserved confounders U (e.g., presence of hemothorax or
other lung complications) as in Fig. 2. We have data on (Z,X, Y ). Our goal is to recover some of
the unobserved confounders U , where we assume access to some kind of proxy information for U .
In practice, the idea is that we may be able to query the DM controlling X , and ask them to compare
two units: unit i who was treated (Xi = 1) and unit j who was not (Xj = 0). If it happens that
unit i is smaller than unit j on each observed confounder, Z(k)

i < Z
(k)
j for all k, then the DM may

be able to identify some of the U variables: e.g., it may happen that U (l)
i > U

(l)
j , so that for the
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unobserved confounder U (l) unit i is larger, which actually explains the decision. Theoretically, the
first important part of our framework is a matching strategyM.M serves for generating proposals
that the DM can then compare; e.g.,Mmay generate pairs (i, j) that are sent to the human annotator.
We consider several matching strategies:

(i) MZ-match picks pairs with Xi = 1, Xj = 0 and Zi = Zj ,

(ii) Mπ-match picks pairs with Xi = 1, Xj = 0 and π(Zi) = π(Zj) where π(Z) = P (X = 1 | Z),
(iii) MZ-dom picks pairs with Xi = 1, Xj = 0 and Zi ≤ Zj coordinatewise,
(iv) Mmarg picks pairs (i, j) with just Xi = 1, Xj = 0; this strategy serves as a baseline.

We begin by immediately stating one of our main theoretical results, which anchors our framework
and formalizes the intuition from Sec. 1 (all proofs are provided in App. A):
Theorem 1 (Stochastic dominance of matching strategies). Under appropriate assumptions
A(1),A(2),A(3), respectively, for each strategyM∈ {MZ-match,Mπ-match,MZ-dom}, we have:

P (U | Z = z,X = 1) �st P (U | Z = z,X = 0) (4)
P (U | π = p,X = 1) �st P (U | π = p,X = 0) (5)

P (U | Z = z′, X = 1) �st P (U | Z = z,X = 0) if z′ < z, (6)

where the �st denotes the multivariate stochastic order, A �st B =⇒ E[ϕ(A)] ≥ E[ϕ(B)] for
every coordinatewise non-decreasing ϕ : Rd → R.

Intuitively, the theorem shows that conditioning on X = 1 vs. X = 0 (for different additional
contexts C = c) results in a probabilistically larger U for the treated unit, which justifies why a
matching strategy may work. With this target established, we now build towards Thm. 1 sequentially,
unpacking the necessary technical conditions and providing the intuition for each matching strategy.

2.1 Z-Matching

We start with the Z-matching strategy, and first consider the basic case of univariate U :
Proposition 1 (Z-matching via MLR). Assume U ∈ R and that P (X = 1 | Z = z, U = u) is
non-decreasing in u for every z. Then

P (U | Z = z,X = 1) �st P (U | Z = z,X = 0). (7)

Our first result illustrates that if U has a monotonic effect on the treatment X for each Z = z, then
conditioning on X = 1 vs. X = 0 (for a fixed Z = z) results in a probabilistically larger U .
In the context of our running example (see Ex. 1), this means that for two patients with the same
SOFA score Z(1) = 5, the one treated (X = 1) has a probabilistically larger difficulty breathing
U (1) compared to the untreated one (X = 0). We note that the monotonic effect assumption is
plausible in many health contexts, and many of the covariates used in ICU to assess patient state
satisfy this property. Thus, the above result provides the basis for why it makes sense to send Z-
matched treated-untreated unit pairs for comparison to a human annotator. We next move onto the
case of multivariate U , and prove a key stochastic dominance result for it:
Proposition 2 (Z-matching, multivariate U ). Assume U ∈ Rd and:

(i) P (X = 1 | Z = z, U = u) is non-decreasing in each coordinate of u, for every z;
(ii) P (U | Z = z) is log-supermodular, i.e., P (u | z)P (u′ | z) ≤ P (u ∧ u′ | z)P (u ∨ u′ | z)

for all u, u′, where ∧,∨ denote coordinatewise minima and maxima. For twice-differentiable
densities, this is equivalent to ∂2 logP (u|z)

∂u(i)∂u(j) ≥ 0; Then

P (U | Z = z,X = 1) �st P (U | Z = z,X = 0). (8)

The above result shows that stochastic dominance of Z-matching for a univariate U can be extended
to a multivariate U , provided that the conditional P (U | Z = z) is log-supermodular. For twice-
differentiable functions, log-supermodularity is equivalent to saying that cross-component second
order derivatives ∂

∂u(i)∂u(j) logP (U | Z = z) are greater than 0. For instance, in the Gaussian
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setting, log-supermodularity requires the off-diagonal precision matrix entries to be non-positive,
(Σ−1)kl ≤ 0 (see Ex. 2 of App. B). In the context of our ICU example, this means that among
patients with identical observed covariates Z = z, the unobserved severity markers U (1), U (2), . . .
(e.g., perceived difficulty breathing, hemodynamic instability not captured in Z) are positively de-
pendent: a patient unusually severe along one unobserved axis is, on average, also more severe along
the others. This rules out scenarios in which the unobserved factors trade off against one another
at fixed Z = z, but accommodates the more common clinical reality that severity tends to cluster
across organ systems. Ex. 3 of App. B shows why log-supermodularity in Prop. 2 is necessary.

2.2 π-Matching

We next move onto the π-matching strategy, showing that it inherits the result from the Z-matching
case, just by invoking the propensity’s covariate balancing property X⊥⊥Z | π(Z). Specifically, we
have the following key result:

Proposition 3 (π-matching, multivariate U ). Under the monotonicity and log-supermodularity as-
sumptions of Prop. 2, for every p ∈ (0, 1),

P (U | π(Z) = p,X = 1) �st P (U | π(Z) = p,X = 0). (9)

The covariate balancing property ensures that within a level set {Z : π(Z) = p}, the distribution of
Z is the same across treated and untreated groups; hence the only systematic difference between the
two groups is the one induced by U , which is exactly the shift quantified by Prop. 2. More generally,
the same argument applies to any balancing score b(Z) satisfying X⊥⊥Z | b(Z), of which Z itself
and π(Z) are the two extremes: Z being the multi-dimensional, most granular score, and π being
the one dimensional, coarsest score. In the context of our ICU example, this result means that
pairs of patients with the same propensity for mechanical ventilation – but where one was actually
ventilated and the other was not – exhibit a systematic shift in unobserved severity in the expected
direction, under the same assumptions required for Z-matching. This is the property that makes
π-matching practically attractive: it admits exact matches in a one-dimensional score even when Z
is high-dimensional, while preserving the structural guarantee of Z-matching.

2.3 Z-Dominance

The previous two results exploit conditional X-dominance: conditioning on X = 1 vs. X = 0
at fixed Z = z (or π(Z) = p) induces a specific shift in U . In practice, however, exact matching
on Z = z may be difficult, especially when Z is high-dimensional. Suppose instead we are able
to find two units with Zi = z′, Zj = z, where z′ < z coordinatewise. Intuitively, the treated
unit i is smaller along each observed dimension, which should make it more likely that the reason
for treatment lies in the hidden variables U . This intuition relies on chaining two stochastic shifts.
The first is the Z-matching shift of Prop. 2, comparing the two treatment groups at the same Z.
The second is a new shift, comparing two values of Z at a fixed treatment level X = x, called
Z-dominance:

P (U | Z = z′, X = x) �st P (U | Z = z,X = x) for z′ < z. (10)

The reasoning behind Eq. 10 is that, among (un)treated units, smaller observed z′ means the propen-
sity to be (not) treated must have been compensated for along some other axis – namely U . Chaining
either shift with Z-matched X-dominance gives the desired result in Eq. 6. We now identify when
Eq. 10 holds, captured in the following result:

Proposition 4 (Z-dominance, multivariate U ). Assume conditions of Prop. 2 and:

(iii) For some x ∈ {0, 1}, defining h(x)(z, u) := P (X = x | z, u)P (u | z), the function log h(x) is
twice differentiable and strictly positive, with

∂2 log h(x)

∂u(j) ∂u(k)
(z, u) ≥ 0 for all j 6= k,

∂2 log h(x)

∂z(l) ∂u(j)
(z, u) ≤ 0 for all l, j. (11)

Then, for z′ < z, P (U | Z = z′, X = 1) �st P (U | Z = z,X = 0).
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Interpreting condition (iii): collider vs. bidirected. The inequalities in (iii) become more trans-
parent once log h(x) is split into the contributions from the two channels through which Z and U
interact. Writing

log h(x)(z, u) = logP (X = x | z, u)︸ ︷︷ ︸
TC (collider channel: Z→X←U)

+ logP (u | z)︸ ︷︷ ︸
TB (bidirected channel: ZL9999KU)

, (12)

each cross derivative in (iii) decomposes into a collider contribution TC from the propensity term
and a bidirected contribution TB from the marginal Z-U dependence (see Fig. 2). Under our as-
sumptions, these two contributions carry opposite signs, so each inequality reduces to a question
of which dominates. Consider first the within-U part of Eq. 11. Under monotonicity of π in u
(assumption (i)), TC tends to be log-submodular in u, contributing a non-positive cross derivative.
By assumption (ii), TB is log-supermodular in u, contributing a non-negative one. The within-U
inequality therefore asks that TB dominates: the positive marginal dependence among the U coor-
dinates must be strong enough to survive the collider’s re-weighting through TC . The across-Z-U
inequality flips both the required sign and the dominant channel. Under (i), the cross derivative of
TC in z-u is typically non-positive (the collider couples Z and U negatively at fixedX); whenever Z
and U are marginally positively dependent, the cross derivative of TB is non-negative. The across-
Z-U inequality therefore asks that TC dominates: conditioning on {X = x} must be strong enough
to flip the marginal positive Z-U dependence into a net negative one.

In the context of our ICU example, condition (iii) constrains how the propensity for mechanical
ventilation interacts with the marginal dependence between observed severity (e.g., SOFA score,
oxygen saturation) and unobserved severity (e.g., perceived difficulty breathing, hemodynamic in-
stability not captured in Z). It does not require Z and U to be independent, and the two-channel
decomposition above gives a concrete reading of when it is more or less plausible. A natural regime
in which (iii) is satisfied is one where Z and U correspond to different organ systems, e.g., Z cap-
tures cardiovascular markers while U captures respiratory markers. In such a setting, intra-system
severities (within U , e.g., difficulty breathing and respiratory rate) tend to co-vary tightly, supporting
the within-U inequality, while cross-system severities (between Z and U ) are positively but more
loosely related, leaving room for the collider channel to overturn the marginal Z-U dependence.
The opposite regime is also possible: if Z and U relate to the same organ system, the marginal Z-U
dependence may be strong enough that the collider cannot overturn it, in which case the across-Z-U
inequality fails and Z-dominance offers no guarantee. Whether (iii) holds is therefore an empirical
question about how the observed and unobserved severity markers partition across systems, and we
view it as an assumption the analyst should reason about in light of the specific covariates available,
rather than one that is guaranteed by the clinical setting alone. Put formally, Prop. 4 may fail if there
is either strong correlation of Z,U or a strong interaction of Z,U in fX (see Exs. 5 and 6). Finally,
we remark that the chain argument of Prop. 4 extends to π-matching with a single, scalar version of
assumption (iii), as discussed in App. C.

2.4 Extraction Strategies

We now turn to the second part of our framework: how the proposed pair (i, j) is processed by the
expert annotator. We decompose this into three stages: extraction, selection, and success. Together,
these stages determine the probability that the elicited explanation corresponds to a genuine UC.

Extraction. Given a pair (i, j) with Xi = 1, Xj = 0, the expert produces a candidate set Cε(i, j)
of explanations for the differential treatment. We emphasize that an explanation is inherently con-
trastive: a variable V (l) (observed or unobserved) is a candidate explanation only if V (l)

i > V
(l)
j .

The setCε(i, j) is therefore a subset of the variables along which i exceeds j, generated according to
an extraction strategy ε. Under perfect extraction εperf , the extracted set correctly includes all such
variables: Cεperf

(i, j) = {V (l) : V
(l)
i > V

(l)
j }. In a more general setting, such as ablation-based

extraction εabl (natural when the expert is a large language model performing counterfactual reason-
ing over textual notes), Cε(i, j) may contain hallucinated variables that did not drive the decision,
or omit genuine drivers that influenced the decision.

Selection. Given Cε(i, j), we assume the expert selects a single explanation uniformly at ran-
dom among all candidates they consider plausible. These include unobserved candidates U (l), and

6



observed coordinates Z(k) along which i exceeds j. The probability that the expert selects an unob-
served variable (E = 1) is therefore

P (E = 1 | i, j) = |Cε(i, j) \ Z|
|Cε(i, j)|

. (13)

Success. Selection alone is not sufficient, as the selected variable must correspond to a genuine
UC to be informative. We say the extraction is accurate (A = 1) when E = 1 and the selected
variable c satisfies U (c)

i > U
(c)
j . Under perfect extraction, accuracy simplifies to

P (A = 1 | i, j, εperf) =
N(i, j)

N(i, j) +D(i, j)
, (14)

with N(i, j) = |{U (l) : U
(l)
i > U

(l)
j }| counting the unobserved drivers, and D(i, j) = |{Z(k) :

Z
(k)
i > Z

(k)
j }| counting the competing observed explanations. A good matching strategy should

maximize N (number of active UCs) and minimize D (number of active known confounders). Our
first result under the rubric of strategy dominance shows that Z-dominance provably increases ac-
curacy compared to Z-matching under perfect extraction:

Theorem 2 (Z-dominance dominates Z-matching). Fix Z = z and assume conditions (i)–(iii) of
Prop. 4 hold at X = 1. Then

E[A | MZ-dom, Zi = z′, Zj = z, εperf ] ≥ E[A | MZ-match, Zi = Zj = z, εperf ] ∀z′ < z. (15)

2.5 π-Matching Beats Marginal Matching

While Thm. 2 establishes strategy dominance for Z-dominance over Z-matching, proving a similar
result for π-matching via the non-linear success probabilityN/(N+D) requires strong assumptions
over a two-dimensional (N,−D) distribution. To make strategy comparisons more tractable, we
introduce a linearized surrogate utility

Uα(M) := E[N − αD | M], α > 0, (16)

which retains a qualitative interpretation similar to N/(N + D). For our analysis, we quan-
tify a variable’s predictive power via its marginal Area Under Curve (AUC), defined inline as
AUC(V (k)) := P (V

(k)
i > V

(k)
j | Xi = 1, Xj = 0) for independent draws Vi ∼ P (V | X = 1) and

Vj ∼ P (V | X = 0). For the observables, AUC(Z(k)) values can be computed, while for the UCs,
AUC(U (l)) are unknown. AUC values equal to 1/2 correspond to independence V (k)⊥⊥X .

Theorem 3 (π-matching Dominates Marginal Matching under Uα). Assume that the conditions of
Prop. 3 hold and that each marginal Z(k) is continuous. Then

Uα(Mπ-match)− Uα(Mmarg) ≥ α

dZ∑
k=1

(
AUC(Z(k))− 1

2

)
−

dU∑
l=1

(
AUC(U (l))− 1

2

)
. (17)

This theorem provides actionable insight into when π-matching outperforms marginal matching.
Under Prop. 3, π-matching guarantees a lower bound of E[N | Mπ-match] ≥ dU/2. While this
expectation is generally smaller than marginal matching’s E[N | Mmarg] =

∑dU

l=1 AUC(U (l)), π-
matching reduces the expected number of observed competitors strictly to E[D | Mπ-match] = 1/2,
compared to E[D | Mmarg] =

∑dZ

k=1 AUC(Z(k)). Thm. 3 gives us that∑dU

l=1

(
AUC(U (l))− 1

2

)∑dZ

k=1

(
AUC(Z(k))− 1

2

) ≤ 1 =⇒ E[N −D | Mπ-match] ≥ E[N −D | Mmarg]. (18)

In other words, π-matching dominates when the amount of variation explained by Z is large com-
pared to the variation explained by U (e.g., when dZ � dU , meaning most confounders are known;
or when Z(k) AUCs are large compared to U (l)). We verify this in the experiments.
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Figure 3: Synthetic verification. Panels 1–2: MZ-dom vs.MZ-match as a function of the dominance
gap δ, with (iii) holding (ρ = 0.05) and failing (ρ = 0.55). Panels 3–4: Mπ-match vs.Mmarg as a
function of κ, in the regimes κ ≤ 1 and κ > 1. Bands are 95% across-rep CIs.

3 Experiments

We first verify Thms. 2 and 3 on synthetic data (Sec. 3.1), then evaluate our framework on a semi-
synthetic dataset derived from MIMIC-III (Sec. 3.2).

3.1 Synthetic verification

In both experiments, (Z,U) are Gaussians N (0,Σ) with dZ = dU = 3, Z-block has ΣZ = I , U -
block ΣU = σ2

εI+τ
211⊤. Setting σ2

ε = 0.4, and τ2 = 0.6 makes P (U | Z = z) log-supermodular,
and propensity is given by π(z, u) = σ(α+β⊤z+ γ⊤u) with α = −1. The cross-block covariance
ΣZU is the key parameter determining whether assumptions of Props. 3 and 4 hold true. We work
under εperf throughout and estimate expectations by Monte Carlo (Fig. 3).

Thm. 2 (Panels 1–2). With β = γ = 1, z = 0, and z′ = −δ · 1, we estimate E[A | M, εperf ]
forMZ-match andMZ-dom by sampling Ui ∼ P (U | Z,X = 1) and Uj ∼ P (U | Z = z,X = 0)
via rejection from N (µ(z),ΣU |Z) with acceptance πX(1 − π)1−X . Under εperf , both strategies
have D = 0, so A = 1{N ≥ 1}. In Panel 1, ΣZU = ρI with ρ = 0.05, which means mild Z-U
dependence, and that (iii) holds at X = 1. In Panel 2, ρ = 0.55, implying strong Z-U dependence,
and the across-Z-U inequality flips atX = 1. Panel 1 confirms Eq. 15:MZ-dom dominatesMZ-match

as δ grows under Prop. 4. Panel 2 illustrates the failure mode: when condition (iii) is violated, for
larger values of the dominance gap δ, Z-matching outperforms Z-dominance.

Thm. 3 (Panels 3–4). Using the same parametric family, we fix β = 0.2 · 1, γ = 0 and sweep
ΣZU = c ·11⊤ with c ∈ [0, 0.43] (upper end keeps P (U | Z) log-supermodular). Each c pins down
a value of the AUC ratio κ :=

∑
l(AUC(U (l)) − 1

2 )/
∑

k(AUC(Z(k)) − 1
2 ) appearing in Eq. 18,

which we estimate from a simulated population (n = 105) using random treated/untreated pairs.
We then collectMπ-match pairs by rejection on |π(Zi) − π(Zj)| < 0.5%, with π(Z) computed by
marginalizing out U in the σ function. We plot E[N −D | M] for bothMπ-match andMmarg as a
function of κ. Parameter γ = 0 is chosen so Eq. 17 holds with equality and the threshold κ = 1 is
sharp, meaning that E[N −D | Mπ-match]−E[N −D | Mmarg] = (1− κ)

∑
k(AUC(Z(k))− 1

2 ),
so the linearized utility gap Uα(Mπ-match)−Uα(Mmarg) from Eq. 16 changes sign exactly at κ = 1.
Panel 3 for κ ≤ 1 confirms this, withMπ-match aboveMmarg, as predicted. Panel 4 for κ > 1 shows
that the inequality indeed reverses, as predicted by the theoretical result.

3.2 Semi-synthetic experiments on MIMIC-III

Data construction. We build MIMIC-III-SeS by using 12 observed covariates Z (resp. rate, MAP,
lactate, P/F ratio, pCO2, pO2, O2 saturation, age, sex, Charlson, SOFA, plus admission-diagnosis
indicators). The unobserved confounders U dimension is dU = 10, and all are binary, extracted
from clinical notes via UMLS entity linking with negation detection [15]. The concepts include
pleural effusion, heart failure, dyspnea, pneumonia, pulmonary edema, Bloom syndrome, hypoxia,
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Figure 4: Semi-synthetic results on MIMIC-III-SeS. Left: cumulative success rate vs. budget B
under εperf . Right: mean λ̄ per stratum of |π(zi) − π(zj)| (low → high) on the Mπ-match-ranked
pool of unit pairs; dashed red is the overall mean.

atrial fibrillation, hypertensive disease, and atelectasis. We fit a logistic propensity π(Z,U) =

σ(αX + β⊤XZ + γ⊤XU) with γ(l)X ∼ Unif[0.3, 0.4] (so π is monotone in u) and a logistic outcome
model with coefficient γ(l)Y ∼ Unif[0.1, 0.2] for U and γX→Y = −0.2 for X , implying treatment
X is protective. We sample new (X̃, Ỹ ) from this model, making data (Z, X̃, Ỹ ) semi-synthetic. U
itself is never exposed to the matching strategies.

Strategy implementation. For a practical implementation ofMZ-match, we compute the Euclidean
distance on standardized Z values for every pair (i, j) withXi = 1, Xj = 0, sort in ascending order,
and take the top B pairs, selecting pairs closest in Z-space.MZ-dom counts the coordinates where i
exceeds j (margin 0.2σ), and picks pairs where this score is smallest.Mπ-match considers ascending
|π̂(Zi)− π̂(Zj)| values, with π̂ estimated by 5-fold cross-validated logistic regression on Z;Mπ-dom

(see App. C) considers ascending π̂(Zi) − π̂(Zj). Mmarg considers a random order over the data.
We vary the budget B, which represents the number of pairs proposed by a strategy. For each
selected pair we compute the probability of success λ(i, j) := P (A = 1 | i, j, εperf) as in Eq. 14.
The cumulative average of λ traces how successful the strategies are with increasing budget sizes.

Results. Fig. 4 (left) shows the cumulative success rate vs. budget B. The Z-based strategies
MZ-match and MZ-dom achieve the highest success, followed by Mπ-match and Mπ-dom, while
Mmarg has lowest success throughout. These results empirically verify Thms. 2 and 3. Further,
Fig. 4 (right) reports mean λ(i, j) averaged within strata of |π̂(Zi) − π̂(Zj)| (low → high), and
shows that λ̄ is highest when the propensity gap is small and decreases monotonically as the gap
widens (the red, dashed horizontal line shows the overall λ average in the dataset, corresponding to
the success ofMmarg). This figure empirically verifies Thm. 3: pairs closely matched in π̂ carry
higher success probability than randomly drawn pairs, justifyingMπ-match overMmarg. The above
results show that the theoretical implications developed in the manuscript hold even when the (Z,U)
structure is inherited from real-world clinical data.

3.3 Real-Data: Mechanical Ventilation in MIMIC-III

We now apply our framework to the ICU setting that motivated the paper (Ex. 1). Recall that
the EHR-based ETT estimate of mechanical ventilation on in-hospital mortality is strongly above
zero in every database (Fig. 1), a near-certain signature of unobserved confounding. We perform
confounder detection to elicit confounder candidates for MIMIC-III, then re-estimate the ETT.

We first fit a BERT-based estimator π̂BERT that predicts P (X = 1 | Z, T ) (mechanical ventilation)
from the physiological covariates Z together with the clinical notes T , using the training subset of
the data. We further fit a predictor π̂xgb(Z) for predicting X just based on the covariates Z using
xgboost [8], and such predicted probabilities are used for theMπ-match strategy. On a held-out set,
we select B = 2,000 treated-control pairs (i, j) using Mπ-match, ensuring that any unit i or j can
appear up to three times. For each selected pair, we run ablation-based extraction εabl. We extract
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CUI C0# Concept G CUI C0# Concept G

32227 Pleural effusion A 10054 Coronary athero. D
19080 Hemorrhage C 04144 Atelectasis A
32285 Pneumonia A 16658 Fracture C
13604 Edema E 09450 Commun. disease B
13404 Dyspnea A 332448 Infiltration A
30193 Pain E 27497 Nausea E

151699 Intracranial hem. C 242184 Hypoxia A
20538 Hypertensive dis. D 31039 Pericardial eff. D
15967 Fever B 39239 Sinus tachycardia B
34063 Pulm. edema A 32326 Pneumothorax A

Table 1: Top 20 discovered confounders (ranked
by frequency) on real data via εabl with B =
2,000 pairs via Mπ-match. Groups: (A) pulmonary
impairment/injury; (B) infection/SIRS; (C) hemor-
rhage/trauma; (D) cardiac; (E) non-specific.

Figure 5: ETT estimates on MIMIC-
III with adjustment sets Z, {Z,UA},
{Z,UA,B}, and {Z,UA,B,C,D}, using
causal forests with 100 bootstrap repli-
cates (95% CIs reported).

the UMLS concepts present in patient i’s notes but not in j’s (set denoted by Ci \ Cj), and for each
concept c ∈ Ci \ Cj we remove its mentions from patient i’s notes and recompute the propensity for
treatment labeled π̂(zi, t−ci ). We define the concept impact as ∆c = π̂BERT(zi, ti)−π̂BERT(zi, t

−c
i ).

Concepts with ∆c > 1% are recorded as candidate confounders.

Aggregating across the 2,000 pairs, we report the 20 most frequently discovered concepts in Tbl. 1.
We classify the concepts into groups, based on their clinical interpretation. Group (A) consists
of concepts with direct indication for mechanical ventilation, related to pulmonary injury or im-
pairment. Group (B) consists of concepts (fever, tachycardia, communicable disease) related to
Systemic Inflammatory Response Syndrome (SIRS [6]), which is a known pathway that drives ven-
tilation via septic respiratory failure [9]. Group (C) is related to hemorrhage and trauma, which
drive MV via shock and airway protection. Group (D) contains cardiac comorbidities, which act
indirectly via hemodynamic instability or background risk [9]. Finally, Group (E) contains non-
specific correlates of illness severity, which are less likely to be recognized as drivers of ventilation
decisions. In summary, Group (A) has very high clinical plausibility in terms of confounding MV,
while Groups (B)-(D) have high plausibility. Therefore, 17/20 detected confounders are clinically
highly plausible.

Effect on ETT estimation. We next assess whether adjusting for the detected confounders impacts
the ETT estimate comparing to using Z only. We compute the ETT on the entire MIMIC-III data
using causal forests [1] with four adjustment sets: Z, (Z,UA), (Z,UA,B), and (Z,UA,B,C,D), with
UG encoding binary indicators for the concepts in groups G. Fig. 5 shows the effect estimates for
different adjustment sets. The figure indicates that incorporating UA, UB reduces the ETT slightly,
while incorporating UA,B,C,D pulls the estimate back to a larger value. However, none of the effect
estimates differ to a statistically significant level. Therefore, while most of the elicited confounders
are clinically plausible, accounting for their impact does not reduce the ETT towards 0. We hypoth-
esize that this is due to the retrospective and partial nature of the text data: even highly relevant
concepts such as pleural effusion are documented in the notes for only a minority of patients, so the
binary indicators we construct may be noisy proxies rather than the underlying confounder itself.

Limitations and future work. Several aspects of our framework merit further development. First,
the multivariate stochastic-dominance notion underlying Thm. 1 is strong; relaxing this notion to
coordinate-wise marginal stochastic dominance is a natural next step that would likely allow relax-
ing the required assumptions (such as log-supermodularity of P (u | z)). Second, our analysis of
extraction (Sec. 2.4) rests on a specific model of expert behavior with uniform selection (Eq. 14);
this is a first formalization, and we expect real-world elicitation may work differently. Third, the
framework presupposes that the decision-maker can articulate the factors driving their decisions
when comparing two units; in settings where treatment is allocated on tacit or subconscious cues,
the elicited explanations may underrepresent the true confounders. Finally, our framework detects
candidates for unobserved confounders with a probabilistic guarantee, but does not certify whether
any specific detected variable is a confounder of X → Y , nor does it establish that adding the
detected variables recovers back-door validity. We leave these interesting directions for future work.
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Supplementary Material:
Confounder Detection via Treatment Intent:

A New Observational Study Design

The source code for reproducing the results can be found in the anonymized code repository
https://anonymous.4open.science/r/icu-deconfounding-5DB9. The repository includes
a README file explaining the setup steps. Most experiments were run on a MacBook Pro M3
(Tahoe 26.2) with under 24 hours of total computation.

A Proofs

In this appendix, we provide formal proofs of the results appearing in the main text.

Proof. Fix z and let π(z, u) = P (X = 1 | Z = z, U = u). By Bayes’ rule,

P (u | Z = z,X = 1) ∝ π(z, u)P (u | Z = z), (19)
P (u | Z = z,X = 0) ∝ (1− π(z, u))P (u | Z = z). (20)

The likelihood ratio is therefore

r(u) :=
P (u | Z = z,X = 1)

P (u | Z = z,X = 0)
∝ π(z, u)

1− π(z, u)
, (21)

which is non-decreasing in u since π(z, u) is. Hence the family {P (· | Z = z,X = x)}x∈{0,1} has
monotone likelihood ratio in u, which implies the stochastic ordering in Eq. 7.

We first state a key lemma of Karlin and Rinott [13] required for the proof of Prop. 2:

Lemma 4 (Karlin-Rinott, 1980 [13]). Let f0, f1 be densities onRd satisfying

f0(u) f1(u
′) ≤ f0(u ∧ u′) f1(u ∨ u′) for all u, u′ ∈ Rd, (22)

Then f1 �st f0.

Proof of Prop. 2. Fix z and write π(u) = P (X = 1 | Z = z, U = u), g(u) = P (u | Z = z). By
Bayes’ rule,

P (u | Z = z,X = 1) ∝ π(u) g(u), P (u | Z = z,X = 0) ∝ (1− π(u)) g(u). (23)

We verify the Karlin-Rinott condition of Lem. 4. By assumption (i), π(u ∨ u′) ≥ π(u′) and 1 −
π(u ∧ u′) ≥ 1− π(u), so

(1− π(u))π(u′) ≤ (1− π(u ∧ u′))π(u ∨ u′). (24)

Combining Eq. 24 with assumption (ii),

(1− π(u)) g(u) · π(u′) g(u′) ≤ (1− π(u ∧ u′)) g(u ∧ u′) · π(u ∨ u′) g(u ∨ u′), (25)

which is exactly the condition of Lem. 4 applied to f0(u) ∝ (1−π(u))g(u) and f1(u) ∝ π(u)g(u),
and the conclusion follows.

Proof of Prop. 3. By the covariate balancing property of the propensity score, X⊥⊥Z | π(Z), which
implies P (Z | π(Z) = p,X = x) = P (Z | π(Z) = p) for x ∈ {0, 1}. Expanding over Z gives:

P (U | π(Z) = p,X = x) =

∫
P (U | Z = z,X = x)P (z | π(Z) = p) dz. (26)

Both treatment groups are mixtures with respect to the same mixing distribution P (z | π(Z) = p).
By Prop. 2, P (U | Z = z,X = 1) �st P (U | Z = z,X = 0) for every z. Stochastic dominance
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is preserved under mixing with a common mixing measure, since for every coordinatewise non-
decreasing ϕ,

E[ϕ(U) | π(Z) = p,X = 1] =

∫
E[ϕ(U) | Z = z,X = 1]P (z | π(Z) = p) dz (27)

≥
∫
E[ϕ(U) | Z = z,X = 0]P (z | π(Z) = p) dz (28)

= E[ϕ(U) | π(Z) = p,X = 0], (29)
which implies Eq. 9.

Proof of Prop. 4. The target claim is decomposed into two-step chains:
P (U | z′, X=1) �st P (U | z′, X=0) �st P (U | z,X=0), (30)

P (U | z′, X=1) �st P (U | z,X=1) �st P (U | z,X=0). (31)
In each chain, one link follows from Prop. 2 under (i) and (ii) (applied at Z = z′ in Eq. 30, at Z = z
in Eq. 31). The other link is the Z-shift Eq. 10, which we now establish via assumption. We treat
the x = 0 case; x = 1 is symmetric with π in place of 1− π.

Set f0(u) := P (u | z,X = 0) and f1(u) := P (u | z′, X = 0). Both are proportional to h(0)(·, u)
at the corresponding z argument, with u-independent normalizers. We want to show that, for all
u, u′ ∈ Rd,

f0(u) f1(u
′) ≤ f0(u ∧ u′) f1(u ∨ u′); (32)

equivalently, after canceling normalizers,

h(0)(z, u)h(0)(z′, u′) ≤ h(0)(z, u ∧ u′)h(0)(z′, u ∨ u′). (33)
For u ≤ u′ or u ≥ u′ coordinatewise, Eq. 33 is trivial. For non-comparable u, u′, the derivative
conditions in Eq. 11 atX = 0 imply, by integration along an axis-aligned path from (z′, u∨u′, z, u∧
u′) to (z, u, z′, u′), the four-point inequality

log h(0)(z, u) + log h(0)(z′, u′) ≤ log h(0)(z, u ∧ u′) + log h(0)(z′, u ∨ u′), (34)
which is exactly Eq. 33. Applying Lem. 4 to Eq. 32 yields f1 �st f0, which is the X = 0 link of
Eq. 30, completing the chain.

Proof of Thm. 2. Note that for bothMZ-match andMZ-dom, we have |{Z(k) : Z
(k)
i > Z

(k)
j }| = 0,

i.e., D(i, j) = 0. Therefore, A = 1{N ≥ 1} for both strategies, and the comparison reduces to
P (N ≥ 1) (a single unobserved confounder greater for i than j is sufficient for success). Conditional
on (Zi, Zj , Xi, Xj), the variables Ui and Uj are independent with Ui ∼ P (· | Zi, Xi = 1) and
Uj ∼ P (· | Zj , Xj = 0). Define

ψ(u;Uj) := 1{∃ l : u(l) > U
(l)
j }, (35)

which is a coordinatewise non-decreasing function in u for every fixed value of Uj . Hence
u 7→ EUj

[ψ(u;Uj)] is also coordinatewise non-decreasing. For the untreated unit, both strategies
condition on Zj = z,Xj = 0 and thus P (Uj | Zj = z,Xj = 0) is the same between the strategies.
However, the distribution of Ui changes from P (· | z,X = 1) underMZ-match to P (· | z′, X = 1)
underMZ-dom. By the X = 1 chain link (Eq. 31) of Prop. 4, which uses condition (iii) at X = 1,

P (U | Z = z′, X = 1) �st P (U | Z = z,X = 1). (36)
Multivariate stochastic dominance applied to the coordinatewise non-decreasing function u 7→
EUj

[ψ(u;Uj)], together with noting that E[ψ | C] = P (N ≥ 1 | C) conditional on any C,
gives the claim in Eq. 15.

Proof of Thm. 3. Decompose into N and D contributions:

Uα(Mπ-match)− Uα(Mmarg) =
(
E[N | Mπ-match]−E[N | Mmarg]

)︸ ︷︷ ︸
=:∆N

(37)

− α
(
E[D | Mπ-match]−E[D | Mmarg]

)︸ ︷︷ ︸
=:∆D

. (38)
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By linearity, E[N | M] =
∑

l P (U
(l)
i > U

(l)
j | M) and E[D | M] =

∑
k P (Z

(k)
i > Z

(k)
j | M).

Marginal matching. UnderMmarg, (Zi, Ui) ∼ P (· | X = 1) and (Zj , Uj) ∼ P (· | X = 0) are
independent. The per-coordinate probabilities therefore equal the corresponding marginal selection
AUCs by definition:

E[D | Mmarg] =

dZ∑
k=1

AUC(Z(k)), E[N | Mmarg] =

dU∑
l=1

AUC(U (l)). (39)

π-match, D-side. Conditional on π(Zi) = π(Zj) = p, the covariate-balancing property X⊥⊥Z |
π(Z) implies Zi and Zj are i.i.d. draws from P (Z | π(Z) = p). Continuity of the marginal of Z(k)

and exchangeability give

P (Z
(k)
i > Z

(k)
j | π = p) = 1

2 (40)

for every k and p. Summing over k and averaging over the pair distribution of π yields E[D |
Mπ-match] = dZ/2. Hence

∆D = dZ

2 −
∑
k

AUC(Z(k)) = −
∑
k

(
AUC(Z(k))− 1

2

)
. (41)

π-match, N -side. Conditional on π = p, Prop. 3 gives the multivariate ordering P (U | π = p,X =
1) �st P (U | π = p,X = 0), which implies the marginal ordering on each coordinate:

P (U (l) | π = p,X = 1) �st P (U (l) | π = p,X = 0). (42)

For two independent univariate continuous random variables A,B with A �st B and CDFs FA ≤
FB ,

P (A > B) = E[1− FA(B)] ≥ E[1− FB(B)] = 1
2 , (43)

where the last equality uses the probability integral transform FB(B) ∼ Unif[0, 1]. Applied to
Eq. 42 conditionally on π = p, this yields P (U (l)

i > U
(l)
j | π = p) ≥ 1/2. Summing over l and

averaging over p,

E[N | Mπ-match] ≥ dU/2, (44)

and therefore

∆N ≥ dU

2 −
∑
l

AUC(U (l)) = −
∑
l

(
AUC(U (l))− 1

2

)
. (45)

Combining. Substituting Eqs. (41) and (45),

Uα(Mπ-match)− Uα(Mmarg) = ∆N − α∆D (46)

≥ −
∑
l

(
AUC(U (l))− 1

2

)
+ α

∑
k

(
AUC(Z(k))− 1

2

)
, (47)

which gives Eq. 17.
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B Examples Supporting the Theory

The following example illustrates log-supermodularity in the case of a Gaussian distribution:
Example 2 (Log-supermodularity for Gaussians). Suppose U | Z = z ∼ N (µ(z),Σ), where the
mean µ(z) may depend on z but the covariance Σ does not. The log-density is

logP (u | z) = − 1
2 (u− µ(z))

⊤Σ−1(u− µ(z)) + const, (48)

and a direct computation gives, for k 6= l,

∂2 logP (u | z)
∂u(k)∂u(l)

= −(Σ−1)kl. (49)

Log-supermodularity therefore reduces to the condition

(Σ−1)kl ≤ 0 for all k 6= l, (50)

i.e., the off-diagonal entries of the precision matrix are non-positive, which is equivalent to all
partial correlations being non-negative. □

The next example illustrates why log-supermodularity is necessary in Prop. 2:
Example 3 (Necessity of supermodularity). Fix Z = z and condition on it throughout. Consider
U = (U (1), U (2)) ∈ {0, 1}2, and the joint distribution

P (U) =

{
0.49 if u ∈ {(1, 0), (0, 1)}
0.01 if u ∈ {(0, 0), (1, 1)}, (51)

which is log-submodular, since P (0, 0)P (1, 1) = 10−4 � 0.2401 = P (0, 1)P (1, 0). Let the
propensity depend only on U (1),

π(u(1), u(2)) =

{
0.9 if u(1) = 1

0.1 if u(1) = 0,
(52)

which is non-decreasing in each coordinate of u. A direct computation gives

P (U ∈ A | X = 1) ≈ 0.12, P (U ∈ A | X = 0) ≈ 0.88, (53)

for the upper set A = {u : u(2) = 1}. Hence P (U | X = 1) 6�st P (U | X = 0), and the
dominance is in fact reversed along the U (2) coordinate. □

The intuition for the example can be described as follows. Conditioning on X = 1 pulls the dis-
tribution of U (1) upward, since π is increasing in u(1). The strong negative dependence between
U (1) and U (2) then drags the distribution of U (2) downward, against the direction of the dominance
claim. Log-supermodularity of P (U | Z = z) rules out exactly this kind of trade-off, ensuring that
the {X = 0 → X = 1}-induced shift along one coordinate does not get reversed along another. In
the context of our ICU example, this means that the assumption would fail if unobserved severity
markers traded off against one another – e.g., if patients were sick along their respiratory axis or
their cardiac axis, but rarely both. As argued above, this is unlikely to be true for our ICU setting, in
which severity tends to cluster across organ systems.

For grounding Z-dominance of Prop. 4, we discuss the logistic-Gaussian setting:
Example 4 (Z-dominance in the logistic-Gaussian setting). Let U,Z ∈ R be jointly Gaussian with
unit variances and correlation ρ, and let

P (X = 1 | Z,U) = σ(α+ βZ + γU), σ(t) := (1 + e−t)−1, (54)

with β, γ > 0. Since U is univariate, the within-u inequality in Eq. 11 is vacuous and only the
across-z-u inequality Eq. 11 must be checked. We work the x = 0 side. The cross derivative
decomposes as

∂2 log h(0)(z, u)

∂u ∂z
=
∂2 log(1− σ)

∂u ∂z︸ ︷︷ ︸
collider

+
∂2 logP (u | z)

∂u ∂z︸ ︷︷ ︸
bidirected

. (55)
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A direct computation gives

∂2 log(1− σ(α+ βz + γu))

∂u ∂z
= −βγ · σ(α+ βz + γu)(1− σ(α+ βz + γu)), (56)

and, using logP (u | z) = − 1
2(1−ρ2) (u− ρz)

2 + const,

∂2 logP (u | z)
∂u ∂z

=
ρ

1− ρ2
. (57)

The condition Eq. 11 therefore becomes
ρ

1− ρ2
≤ βγ · σ(α+ βz + γu)(1− σ(α+ βz + γu)). (58)

We note that the same inequality is obtained on the x = 1 side: in the logistic case ∂z∂u log σ =
∂z∂u log(1− σ) = −βγ σ(1− σ), so both chains in Prop. 4 succeed under the same condition.

Two regions of (u, z)-space are illustrative. Near the decision boundary, where α + βz + γu ≈ 0
and σ(1− σ) = 1/4, Eq. 58 reduces to ρ/(1− ρ2) ≤ βγ/4, permitting ρ ≲ 0.24 when βγ = 1 and
ρ ≲ 0.62 when βγ = 4. Further into the tails, σ(1−σ)→ 0 and the condition tightens to ρ ≤ 0. □

The example shows that (iii) is genuinely weaker than Z⊥⊥U : arbitrary positive marginal correlation
is permitted, provided the propensity coefficients are sufficiently large. It also makes the trade-off
explicit: increasing βγ relaxes Eq. 58, while in a multivariate extension increasing γ would make
the within-U condition harder to satisfy: the regime that satisfies both is one of strong propensity
responsiveness paired with strong intra-U marginal coupling.

The following examples illustrate how the chain Eq. 10 of Prop. 4 may fail:
Example 5 (Interaction in π at fixedX may break one chain even under Z⊥⊥U ). Consider the SCM

Z ∼ Bern(0.5), U ∼ Unif[0, 1], Z⊥⊥U, (59)

X ← Bern(π(Z,U)), π(Z,U) =


U if Z = 0

U if Z = 1, U < 0.5

1 if Z = 1, U ≥ 0.5.

(60)

A direct computation gives π(z0) = 0.5, π(z1) = 0.625, and

P (U > 1
2 | Z = z1, X = 1) = 0.80, P (U > 1

2 | Z = z0, X = 1) = 0.75, (61)

P (U > 1
2 | Z = z1, X = 0) = 0, P (U > 1

2 | Z = z0, X = 0) = 0.25. (62)

Interestingly, the two-step X and Z-dominance still holds

P (U > 1
2 | z0, X = 1) = 0.75 ≥ 0 = P (U > 1

2 | z1, X = 0),

but only via the X = 0 chain. The X = 1 chain fails (0.75 6≥ 0.80 above), because the saturation
of π in the (z1, u ≥ 0.5) corner makes (iii) fail at X = 1. The example illustrates that (iii) is
genuinely a per-chain assumption: an interaction in the propensity at fixed X can break one side
without breaking the other, and Prop. 4 only needs one X = x to work. □

Our further example illustrates why strong positive correlation between Z and U may break the X
and Z-dominance:
Example 6 (Strong positive Z-U correlation breaks both chains). Consider the SCM

Z ∼ Bern(0.5), (63)

U | Z ∼
{
Bern(0.1) if Z = 0

Bern(0.9) if Z = 1
(64)

X ← Bern(π(Z,U)), π(Z,U) =


0.2 Z = 0, U = 0

0.4 Z = 0, U = 1

0.3 Z = 1, U = 0

0.5 Z = 1, U = 1,

(65)
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where π is non-decreasing in each of Z,U . We compute π(z0) = 0.22, π(z1) = 0.48, and

P (U = 1 | Z = z0, X = 1) ≈ 0.18, P (U = 1 | Z = z1, X = 0) ≈ 0.87, (66)

soZ-dominance fails: the smaller-Z treated unit is stochastically smaller along U than the larger-Z
untreated unit. The strong positive Z-U marginal dependence concentrates joint mass on the (0, 0)
and (1, 1) corners; (iii) fails for both x = 0 and x = 1, so neither chain is available. This is the
second failure mode: if marginal Z-U dependence is too strong relative to the responsiveness of π,
the bidirected force overwhelms the collider force, and dominance doesn’t hold. □

18



C π-Dominance

In this appendix, we discuss the π-dominance strategy. The same chain decomposition that produced
Prop. 4 applies with the propensity score π(Z) replacing the full vector Z, giving a π-dominance
result that compares two propensity levels p′ < p at fixed treatment.
Proposition 5 (π-dominance). Under assumptions of Prop. 2, and additionally:

(iii’) For some x ∈ {0, 1}, defining h(x)π (p, u) := P (U = u, π(Z) = p,X = x), log h(x)π is twice
differentiable and strictly positive, with

∂2 log h
(x)
π

∂u(j) ∂u(k)
(p, u) ≥ 0 for all j 6= k,

∂2 log h
(x)
π

∂p ∂u(j)
(p, u) ≤ 0 for all j. (67)

Then, for p′ < p,

P (U | π(Z) = p′, X = 1) �st P (U | π(Z) = p,X = 0). (68)

The proof is identical to that of Prop. 4, with the scalar p replacing z throughout: Prop. 3 pro-
vides the π-matching link of the chain, and (iii’) provides the π-shift link via Karlin–Rinott. The
collider/bidirected interpretation of Prop. 4 carries over: the within-U inequality again asks that
intra-U marginal clustering survives the collider re-weighting, while the across-π-U inequality asks
that the collider channel overturn the marginal dependence between π(Z) and U . The conceptual
gain over Z-dominance is that the across-direction inequality is now a single one-dimensional cross-
partial, regardless of dim(Z): the propensity score concentrates the structural assumption along the
single dimension that actually drives treatment assignment. The within-U inequality, by contrast, is
not strictly weaker than its Z-dominance counterpart, since h(x)π is a marginalization of h(x) over
the level set {z : π(z) = p}, and log-supermodularity is not preserved under marginalization in
dimensions higher than two; the conditions (iii) and (iii’) of Props. 4 and 5 are therefore similar in
spirit but logically independent (one does not imply the other).
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