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Abstract

Causal discovery is the task of leveraging observational data to uncover causal rela-
tionships between variables. Recent work has extended these methods to operate
over clusters of variables to improve scalability in high-dimensions and enable
reasoning over higher-level entities. These approaches have been limited by strong
assumptions including causal sufficiency. In this work, we introduce an approach
for causal discovery over clusters in non-Markovian systems. First, we extend the-
ory of graphical models in a knowledge-based context, to motivate introduction of
a novel graphical equivalence class that can accommodate unobserved confounding.
Then, we present a sound algorithm for causal discovery of learnable relationships
between clusters of variables.

1 Introduction

Causal discovery is the task of using observational data to learn about causal relationships between
variables [11, 17]. In causal inference, assumptions about the data-generating process are commonly
represented with a causal diagram, a type of acyclic directed mixed graph (ADMG) [12, 15, 4, 13].
Because multiple causal diagrams can encode the same conditional independences, causal discovery
aims to uncover a graphical Markov equivalence class of possible models, which encodes the
constraints found in the data. Constraint-based methods assume faithfulness, that the observed
independences reflect the true graphical structure of the model. Some algorithms, like PC [17, 7],
also assume causal sufficiency, that there is no unobserved confounding in the system. When latent
confounding may be present, alternative approaches are needed such as FCI [16, 22] where the
associated Markov equivalence class is called a partial ancestral graph (PAG).

Existing causal discovery algorithms face scalability limitations and operate over individual variables,
which may not correspond to domain-relevant entities, for example, pixels versus objects in an image.
Therefore, causal discovery over clusters of variables is of interest, not only to learn relationships
over semantically meaningful entities, but also as a strategy to reduce effective dimensionality.
Prior work introduced cluster directed acyclic graphs (C-DAGs) to represent knowledge-based
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Figure 1: (a): an ADMG with indicated clusters. (b): a C-DAG of which G1 is in the class. (c):
an attempted graphical equivalence class for (b). (d): an ADMG with marked clusterings. (e):the
C-DAG corresponding to (d). (f): an attempted representation over clusters where arrowheads
are used to indicate independence information; the differing roles of Z in the triplets X,Z,W and
Y,Z,W make such a representation impossible.

relationships between user-defined clusters [1], and αC-DAGs add independence arcs to explicitly
denote conditional independences and inform discovery under causal sufficiency by the algorithm
CLOC [2]. Other related work focuses on leveraging clusters as intermediates for variable-level
causal discovery, or on other strong assumptions of structure internal to and between clusters (e.g.
all variables in adjacent clusters are connected by the same edge types) [18, 10, 5, 6, 21, 8, 3, 14,
9, 20, 19]. While αC-DAGs and CLOC [2] address causal discovery over clusters, reliance on
Markovian assumptions limits feasibility in real-world settings and the representation and algorithm
break down in the presence of latent confounding. This paper generalizes those contributions to the
non-Markovian case by introducing new graphical semantics, new graphical equivalence classes and
a corresponding discovery algorithm.

We illustrate the need for a novel causal discovery algorithm over clusters in non-Markovian settings
through observing the result from naively applying FCI and CLOC over clusters with latent confound-
ing. Consider the C-DAG GC1 in Figure 1, where X ⊥̸⊥Y and X ⊥̸⊥Y|W. G1 illustrates an ADMG
with demarcated clusters that is in the class of GC1 . G1 encodes that X⊥⊥Y, which is not perceptible
in the C-DAG. PG1

uses the notation of PAGs to represent the independence information encoded
in G1, however, this representation contradicts the true edge orientations and implied ancestrality.
Specifically, W appears as a non-ancestor of X and Y, contradicting the true relationships of G1,
where W is in fact an ancestor of both X and Y. Applying FCI with tests over the sets of variables
in each cluster would result in PG1 with the application of rule 0 (collider search). This example
illustrates how FCI can incorrectly infer ancestrality when applied directly to clusters. If CLOC,
the causal discovery algorithm for Markovian clusters, were to be applied in this case, the resulting
graph would be similar, with arrowheads incorrectly oriented towards W (and tails at X and Y).
Causal diagram 1d, associated C-DAG 1e and incomplete equivalence class 1f illustrate another
example of unlearnable edges between clusters, discussed further in Appendix B.1. When the goal is
to graphically represent an equivalence class over clusters, edge orientations fail to accurately encode
both (in)dependence structure and ancestrality.

Summary of Contributions. We introduce a novel graphical equivalence class that captures both
independence information and ancestrality for clusters of variables in the presence of latent confound-
ing. We define requisite preliminary graphs, and propose a sound algorithm to learn this equivalence
class from observational data. Specifically we contribute the following:

1. In section 2, we extend αC-DAGs for latent confounding (Definition 2.2), extend the
d-separation criterion (Definition 2.3), and prove it is sound and complete (Theorem 2.4).

2. In section 3, we define cluster maximal ancestral graphs (αC-MAGs), which capture ances-
tral relationships among clusters while preserving independence information. We further
define cluster-partial ancestral graphs (αC-PAGs) to represent a Markov equivalence class
of αC-MAGs (Definition 3.11).

3. Finally, in section 4 we introduce a sound causal discovery algorithm over clusters, LC-
CLOC, to learn an αC-PAG from data, evaluated with experiments in section 5.

1.1 Preliminaries

Notation. A single variable is denoted by a (non-boldface) uppercase letter X and its realized value
by a small letter x. A boldfaced uppercase letter X denotes a set (or a cluster) of variables. We use
kinship relations, defined via edges in the graph. We denote by Pa(X)G, Ch(X)G, An(X)G, and
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De(X)G, the sets of parents, children, ancestors, and descendants in graph G, respectively. A triplet
⟨Vi, Vk, Vj⟩ is active if 1) Vk is a collider and Vk or any of its descendants are in Z or 2) Vk is a
non-collider and is not in Z. A path p is active given (or conditioned on) Z if every triplet on p is
active relative to Z. Otherwise, p is said to be inactive. Given a graph G, X and Y are d-separated by
Z if every path between X and Y is inactive given Z. We denote this d-separation by (X⊥⊥Y | Z)G.

Learned Equivalence Classes. A partial ancestral graph (PAG) P can have edges of type ◦−◦, ◦−→,
→, and↔. Circle marks indicate orientations that vary across the equivalence class. Arrowhead or
tail marks are common for all members of the class represented by the PAG. A consecutive triplet
of vertices ⟨X,Z, Y ⟩ is unshielded if X and Y are not adjacent. If X and Y are adjacent, the
triplet is shielded. In a triplet ⟨X,Z, Y ⟩, Z is a definite collider if edges from X and Y are into it
(X ∗−→ Z ←−∗ Y ). Z is a definite non-collider if at least one edge is out of it or both edges have
circle marks at Z and the triplet is unshieleded. Otherwise, Z has a non-definite status.

αC-DAG (Markov) [2] Given a DAG G(V,E) and partition C = {C1, . . . ,Cn} of V, construct
a graph GC(C,EC,A) over C as follows: An edge Ci → Cj is in EC if ∃ some Vi ∈ Ci and
Vj ∈ Cj such that Vi ∈ Pa(Vj) in G; The set of independence arcs A is defined over all triplets
⟨Ci,Ck,Cj⟩, by Def. A.3. For each arc trajectory, separation marks are added according to Def. A.6.
For each path, connection marks are added according to Def. A.7. If for all pairs of clusters Ci,Cj

where there exists an edge Ci → Cj , there is no directed path from Cj to Ci, then C is an admissible
partition of V and GC is a cluster DAG with independence arcs, or an αC-DAG, compatible with G.
Def. A.8 details d-separation criteria over αC-DAGs. More background in Appendix (A).

2 αC-DAGs: Generalized for Latent Confounding
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Figure 2: Independence arcs and associated
marginal/conditional (in)dependences.

αC-DAGs [2] use independence arcs,
drawn per graphical triplet ⟨X,Z,Y⟩,
and separation/connection marks to explic-
itly represent independence relationships,
while edges denote causal relationships
(see Appendix A for details). In a Markov
context, there are three independence
arcs: marginally-connecting, conditionally-
connecting, and never-connecting. When
latent confounding exists, the indepen-
dence arcs/marks must be revised. In this
section, we amend the graphical notation
and extend reasoning tools for αC-DAGs
with latent confounding as a prerequisite
for defining the Markov equivalence class
under latent confounding and motivating
our causal discovery approach. Figure 2 il-
lustrates the four independence arcs needed
in a non-Markov context, formalized in
Definition 2.1. The new always-connecting
independence arc represents, for a triplet ⟨X,Z,Y⟩, when X ⊥̸⊥Y;X ⊥̸⊥Y|Z. The asterisks denote
that edges may have either arrowheads or tails.

Definition 2.1 (Independence Arcs). Consider a graph GC over clusters C = ⟨C0, ...,Cn⟩. For any
unshielded triplet ⟨Ci,Ck,Cj⟩ (or manipulated unshielded triplet (Def. A.2) ⟨Ci,Ck,Cj⟩−CiCj ),
let S equal a (possibly empty) set of clusters S ⊂ (C \ {Ci,Cj}) that is a minimal separating
set, such that Ci ⊥⊥ Cj |S, if such a set exists. For a triplet ⟨Ci,Ck,Cj⟩, the independence arc,
ACi,Ck,Cj

∈ A, that is drawn from some point on the edge between Ci and Ck to some point on
the edge between Cj and Ck, can be determined in the following way:

1. marginally-connecting iff Ck ∈ S. Consequently, Ci ⊥̸⊥Cj |S \Ck and Ci ⊥⊥Cj |S.

2. conditionally-connecting iff Ck /∈ S and Ci ⊥̸⊥Cj |S ∪Ck

3. never-connecting iff Ck /∈ S and Ci ⊥⊥Cj |S ∪Ck

4. always-connecting iff no set S exists. Consequently, Ci ⊥̸⊥Cj and Ci ⊥̸⊥Cj |Ck.
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Figure 3: GC1 is an αC-DAG (with independence arcs between R, W, Q, and Y omitted for clarity)
illustrating the three kinds of separation marks that can annotate an always-connecting arc. G1 is a
compatible ADMG. Independence arcs are shown in blue. G2 is an ADMG, GC2 its corresponding
αC-DAG,MC2

the αC-MAG corresponding to GC2
, and PC2

the corresponding αC-PAG.

Shielded triplets are annotated according to the behavior of their respective manipulated triplets.
For each triplet in a graph, exactly one criterion applies, so each triplet is annotated by a single
independence arc.

As is in the Markov case, independence arcs alone do not fully represent all conditional
(in)dependences. Separation marks and connection marks complete the representation, and are
retained in the non-Markovian case. Connection marks apply unchanged, while separation marks
require modification in the presence of latent confounding. For always-connecting arcs, three cases
require separation marks: 1) only the marginal connection is disputed, 2) only the conditional con-
nection is disputed, or 3) both connections are disputed. Case 1 is represented by a separation mark
with an overlined subscript, ⊘X. Case 2 uses an underlined subscript ⊘X. Case 3 uses the standard
notation, ⊘X. This albeit complex notation is introduced for completeness, since αC-DAGs prove
useful in their own right. However, many tasks do not require this complete representation. The
formal definition of separation marks under latent confounding is given in Appendix B.2, Definition
B.1. An example is below.
Example 1. Consider Figure 3, where GC1 is an αC-DAG, and G1 is in its class. Triplets ⟨X,Z,W⟩,
⟨Z,W,Q⟩, ⟨Z,W,R⟩, and ⟨Z,W,Y⟩ are annotated with always-connecting arcs. There is a
collider path and no connecting path over variables between X and Y so separation marks with
overlined subscripts are placed onAX,Z,W andAZ,W,Y. There is a connecting path and no collider
path over variables between X and Q, so separation marks with underlined subscripts are placed on
AX,Z,W and AZ,W,Q. There are no paths over variables between X and R, so separation marks
with standard subscripts are placed on AX,Z,W and AZ,W,R.

With these revisions, we now provide a complete definition for non-Markov αC-DAGs.
Definition 2.2 (αC-DAGs with Latent Confounding). Given an ADMG G(V,E) and a partition
C = {C1, . . . ,Ck} of V, construct a graph GC(C,EC,A) over C. The set of edges EC is defined
as follows: An edge Ci → Cj is in EC if there exists some Vi ∈ Ci and Vj ∈ Cj such that
Vi ∈ Pa(Vj) in G; A dashed bidirected edge Ci L9999K Cj is in EC if there exists some Vi ∈ Ci

and Vj ∈ Cj such that Vi L9999K Vj in G. The set of independence arcs A is defined over the set of
triplets ⟨Ci,Ck,Cj⟩, according to Definition 2.1. For each arc trajectory in GC, separation marks
are added according to Definition B.1. For each path in GC, connection marks are added according
to Definition A.7. If for all pairs of clusters Ci,Cj where there exists an edge Ci → Cj , there is no
directed path Cj → ...→ Ci, then we say that C is an admissible partition of V. We then call GC a
cluster-DAG with independence arcs, or an αC-DAG, compatible with G.

The additional semantics for the non-Markov case also motivate a revised d-separation criterion,
which we show is sound and complete in αC-DAGs with latent confounding.
Definition 2.3 (d-separation over αC-DAGs with Latent Confounding.). A path pC in an α-C-DAG,
GC, is said to be d-separated (or blocked) by a set of clusters Z ⊂ C if and only if its corresponding
arc trajectory a (Def. A.4) contains an independence arc ACi,Ck,Cj that is:

1. an always-connecting arc and (a) there exists a separation mark ⊘Cx
on ACi,Ck,Cj

where
Cx is on pC, (b) there exists a separation mark ⊘Cx

on ACi,Ck,Cj
where Cx is on pC and

Ck /∈ Z, or (c) there exists a separation mark ⊘Cx on ACi,Ck,Cj where Cx is on pC and
Ck ∈ Z,
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2. a marginally-connecting arc and (a) Ck is in Z or (b) there exists a separation mark ⊘Cx

on ACi,Ck,Cj where Cx is on pC,
3. a conditionally-connecting arc and (a) Ck is not in Z nor is any true descendant Cd of Ck

(with directed and connection path Ck → ...→ Cd) in Z, (b) there exists a separation mark
on ACi,Ck,Cj

⊘Cx
where Cx is on pC, or (c) for any connection mark ⊕Cx

on ACi,Ck,Cj
,

Cx is not in Z, or
4. a never-connecting arc and for any connection mark ⊕Cx on ACi,Cj ,Ck

, Cx /∈ Z.

A set of clusters Z is said to d-separate two sets of clusters X,Y ⊂ C, denoted by (X⊥⊥Y | Z)GC
,

if and only if Z blocks every path from a cluster in X to a cluster in Y.

Theorem 2.4. [Soundness and completeness of d-separation in αC-DAGs with latent confounding.]
In an αC-DAG GC, let {X,Z,Y} ∈ C. X and Y are d-separated by Z in GC, if and only if for any
ADMG, G, compatible with GC, X and Y are d-separated by Z in G.

3 Graphical Equivalence Classes of αC-DAGs: αC-MAGs and αC-PAGs

The goal of our causal discovery algorithm is to recover a graphical equivalence class over clusters of
αC-DAGs with the same induced independence structure and ancestral relationships. This corresponds
to a cluster analogue of a partial ancestral graph (PAG), which we call a cluster-PAG, or αC-PAG.
We first define cluster maximal ancestral graphs (αC-MAGs) as a precursor to αC-PAGs.

αC-MAGs represent classes of αC-DAGs that share the same partition of variables, conditional
independences, and ancestral relationships over clusters. We assume no selection bias. As in
maximal ancestral graphs (MAGs), αC-MAGs have at most one edge between vertices that is either
directed (→) or bidirected (↔). Each unshielded triplet is labeled with one of three independence
arcs: marginally-connecting, conditionally-connecting, or never-connecting. Always-connecting
arcs in an αC-DAG induce shielded triplets in the corresponding αC-MAG. For shielded triplets,
independence arcs are determined by the composite manipulated unshielded triplets. Separation
and connection marks are added as needed. A true directed cycle occurs when CB → CA is in
GC and CA ∈ AnGC

(CB). A true almost directed cycle occurs when CB ↔ CA is in GC and
CA ∈ AnGC

(CB). Ancestrality requires a directed path with marginally- or always-connecting
arcs and no separation marks. For αC-MAGs, m-separation extends from d-separation, determined
by adjacencies, independence arcs, and their marks. The construction of an αC-MAG relies on
the concept of a primitive inducing path, defined for cluster graphs, below, with the αC-MAG
construction procedure following in Def. 3.3 and an example construction in Appendix B.3.
Definition 3.1 (Primitive Inducing Path over Clusters.). Let X and Y be two clusters with some path
pc between them. Let pv and p′v be two possibly distinct paths over variables such that pv (and p′v)
are analogous (Def. A.5) to pc. If each non-endnode variable on pv is a collider, and each variable
on p′v is an ancestor of a variable in either X or Y, then pc is a primitive inducing path over clusters.

Remark 3.2. In αC-DAGs, triplet ⟨X,Z,Y⟩ with an always-connecting arc forms a primitive
inducing path.

Definition 3.3 (Procedure for construction of αCluster Mixed Ancestral Graphs (αC-MAGs)).
Input: αC-DAG, GC over partition C = ⟨C1, ...,Cn⟩
Output: αC-MAG,MGC

1. Ci,Cj ∈ C are adjacent inMGC
iff a primitive inducing path exists between them in GC.

2. For each pair of adjacent clusters Ci,Cj ∈MGC
, orient the edge as:

(a) Ci → Cj if Ci ∈ AnG(Cj) and Cj /∈ AnG(Ci)

(b) Ci ↔ Cj if Ci /∈ AnG(Cj) and Cj /∈ AnG(Ci)

3. For each (possibly manipulated) unshielded triplet ⟨Ci,Ck,Cj⟩ inMGC
:

(a) if present in GC, add the independence arc ACi,Ck,Cj from GC with any separation
or connection marks

(b) Otherwise:
i. if manipulated, assign a never-connecting arc

ii. else, consider all paths p = ⟨Ci, ...,Ck,Cj⟩ ∈ GC where p′ = ⟨Ci,Ck⟩ ∈
MGC

.
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A. If ∀p, Ci ⊥⊥Cj and Ci ⊥⊥Cj |Ck, ACi,Ck,Cj is never-connecting .
B. If ∀p,Ci ⊥⊥Cj and ∃p′Ci ⊥̸⊥Cj |Ck, ACi,Ck,Cj is conditionally-connecting.
C. If ∃p′,Ci ⊥̸⊥Cj and ∀pCi ⊥⊥Cj |Ck, ACi,Ck,Cj

is marginally-connecting.
4. Add any new marks by definitions B.1 and A.7.

MAGs are ancestral and maximal. We extend these properties to clusters and αC-MAGs.
Definition 3.4 (Ancestrality in αC-MAGs). An αC-MAG is ancestral if it contains 1) no true directed
cycles and 2) no true almost directed cycles.

Definition 3.5 (Maximality in αC-MAGs). An αC-MAG is maximal if there exists a set of clusters
that m-separates every pair of non-adjacent clusters.

Maximality is closely related to inducing paths. If an inducing path exists between X and Y, no set
m-separates them, so an edge between them must be present in the αC-MAG.
Remark 3.6. An αC-MAG cannot have an always-connecting arc on an unshielded triplets.

An αC-PAG will ultimately be defined to represent the Markove equivalence class of αC-MAGs. For
MAGs over variables, two graphs are Markov equivalent if they encode the same m-separations. We
extend a similar notion of Markov equivalence over clusters for αC-MAGs.
Definition 3.7 (Cluster Markov equivalence). Two αC-MAGsM1,M2 (with the same partition C
and variables V) are cluster Markov equivalent if for any three disjoint sets of clusters (X, Y, Z), X
and Y are m-separated by Z inM1 if and only if X and Y are m-separated by Z inM2.

Since m-separation in αC-MAGs is determined by independence arcs, separation marks, and connec-
tion marks, we obtain the following proposition.
Theorem 3.8. Two αC-MAGsM1,M2 (with the same partition C of the same set of variables V)
are cluster Markov equivalent iff they share the same adjacencies, independence arcs on unshielded
and discriminated manipulated unshielded triplets, and separation and connection marks.

The definition of a discriminated manipulated unshielded triplet follows the definition of a discrimi-
nating path over clusters, as below.
Definition 3.9 (Discriminating path over clusters). In an αC-MAG, a path between X and Y, p =
⟨X, ...,W,V,Y⟩, is a discriminating path for V if p includes at least three edges; V is a non-
endpoint vertex on p and is adjacent to Y on p; X is not adjacent to Y, and for every vertex Qi

between X and V, AX,Qi,Y is a marginally-connecting arc with no separation marks subscripted
with a vertex on p and AX,Qi,Qi+1 is a conditionally-connecting arc with no separation marks
subscripted with a vertex on p.

Definition 3.10 (Discriminated Manipulated Unshielded Triplets (Non-Markov)). For a shielded
triplet ⟨X,Z,Y⟩ where Y is adjacent to some W and X and Z are not adjacent to W, ifAZ,Y,W is
conditionally-connecting and AX,Y,W is not, or if AZ,Y,W is marginally-connecting and AX,Y,W

is not, then AX,Z,Y−XY is a discriminated manipulated unshielded triplet. If p = ⟨X, ...,W,V,Y⟩
is a discriminating path for V, AW,V,Y−WY is a discriminated manipulated unshielded triplet.

When all clusters are singletons containing just one variable, these definitions reduce to standard
Markov equivalence for MAGs, where equivalence is characterized by adjacencies, unshielded
colliders, and discriminating paths.

We now define αC-PAGs. Similarly to PAGs over variables, αC-PAGs may have edges of type ◦−◦,
◦−→,→, and↔. Circle marks indicate orientations that vary across the equivalence class. As with
αC-MAGs, αC-PAGs are annotated by independence arcs, separation marks, and connection marks.
Section 2 shows that independence arcs do not generally constrain edge orientations. The exception is
when Z in a triplet ⟨X,Z,Y⟩ is a singleton, where orientation determination reduces to the variable
case. Accordingly, αC-PAGs’ cluster sizes, assessed by the partition can inform orientations.
Definition 3.11 (αCluster Partial Ancestral Graph). Let [GC ] be the cluster Markov equivalence class
of an αC-MAG GC , and let C = ⟨C1, ...,Cn⟩ be the partition of variables into clusters. A cluster
partial ancestral graph (αC-PAG) for [GC ] is a graph PC such that:

1. PC has the same adjacencies as any member of [GC ]
2. An independence arc is in PC iff shared by all αC-MAGs in [GC ]

6



3. PC has the same separation and connection marks as any member of [GC ]
4. every non-circle orientation in P is an invariant mark in [GC ].

Every circle orientation in PC corresponds to a variant orientation in [GC ]. PC is then a maximally
informative αC-PAG for [GC ].

4 An Algorithm for Causal Discovery Over Clusters with Latent Confounding

With the definitions for a Markov equivalence class of αC-DAGs with latent confounding established,
an algorithm for constructing the graphical equivalence class can be developed. We call this algorithm
LC-CLOC, for latent-confounding CLOC. In this proposed causal discovery algorithm over clusters in
non-Markovian systems, there are three phases, as with CLOC and with similarities to FCI. Starting
with a completely connected graph over clusters, with each edge of type ◦−◦, in the first phase of
the algorithm, edges between two nodes, X and Y, are iteratively removed wherever it is possible
to determine some separating set of clusters S such that X⊥⊥Y|S. This results in the skeleton of
the graph. In the second phase, independence arcs are added by the arc determination rules, defined
below, which follow from definitions 2.1 and 3.10, and connection and separation marks are added to
independence arcs. In the final phase, logical rules inform orientation of edges. These rules include
modifications of those from FCI at the variable level when relevant clusters are of size one, as well as
modification of certain rules from CLOC. We note that having some clusters with only one variable
is necessary for learning to occur.

Remark 4.1. If all clusters contain more than one variable, it is not possible to learn any orientations.

This is because when a cluster has more than one variable, there is no independence test that by itself
determines orientations. However, independence tests paired with knowledge of a previously made
orientation can inform subsequent orientations. Therefore, when some clusters are of size one, it
is often possible for many orientations to be made. The rules for adding independence arcs to the
skeleton are enumerated below.

Independence arc determination rules:

AR1: For an unshielded triplet ⟨X,Z,Y⟩ draw a conditionally-connecting arc if Z /∈ Sepset(X,Y)
and X ⊥̸⊥Y|Z ∪ SepSet(X,Y).

AR2: For an unshielded triplet ⟨X,Z,Y⟩ draw a marginally-connecting arc if Z ∈ Sepset(X,Y).

AR3: For an unshielded triplet ⟨X,Z,Y⟩ draw a never-connecting arc for remaining unmarked
unshielded triplets.

Following application of these rules, separation and connection marks are added as applicable.

For a shielded triplet ⟨X,Z,Y⟩ with W◦−◦Y and where {X,Z} and W are not adjacent, ifAZ,Y,W

is conditionally-connecting and AX,Y,W is not, evaluate the following:

AR4: If Z /∈ SepSet(X,W), X ⊥̸⊥W|Y∪SepSet(X,W), and X ⊥̸⊥W|Z,Y∪SepSet(X,W),
then draw an always-connecting arc for ⟨X,Z,Y⟩−XY.

AR5: If Z /∈ SepSet(X,W), and X ⊥̸⊥W|Z ∪ SepSet(X,W), then draw a conditionally-
connecting arc for ⟨X,Z,Y⟩−XY.

AR6: If Z ∈ SepSet(X,W), then draw a marginally-connecting arc for ⟨X,Z,Y⟩−XY.

AR7: Draw a never-connecting arc for any unmarked ⟨X,Z,Y⟩−XY.

For a shielded triplet ⟨X,Z,Y⟩ with W◦−◦Y and where {X,Z} and W are not adjacent, ifAZ,Y,W

is marginally-connecting and AX,Y,W is not, evaluate the following:

AR8: If Z /∈ SepSet(X,W), X ⊥̸⊥W|SepSet(X,W) \Y , and X ⊥̸⊥W|Z∪SepSet(X,W) \Y ,
then draw an always-connecting arc for ⟨X,Z,Y⟩−XY.

AR9: If Z /∈ SepSet(X,W), and X⊥̸⊥W|Z∪SepSet(X,Y), then draw a conditionally-connecting
arc for ⟨X,Z,Y⟩−XY.

AR10: If Z ∈ SepSet(X,W), then draw a marginally-connecting arc for ⟨X,Z,Y⟩−XY.

AR11: Draw a never-connecting arc for any unmarked ⟨X,Z,Y⟩−XY.
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If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V where Q is the set of all nodes between X
and V, evaluate the following:

AR12: If X ⊥̸⊥Y|Q and X ⊥̸⊥Y|Q,V, AW,V,Y−WY is always-connecting.

AR13: If X⊥⊥Y|Q and X ⊥̸⊥Y|Q,V, AW,V,Y−WY is marginally-connecting.

AR14: If X ⊥̸⊥Y|Q and X⊥⊥Y|Q,V, AW,V,Y−WY is conditionally-connecting.

AR15: If X⊥⊥Y|Q and X⊥⊥Y|Q,V, AW,V,Y−WY is never-connecting.

Following the application of rules for placing the independence arcs and separation/connection marks,
edges can be oriented using a combination of rules that apply to clusters of size 1 as well as clusters
of any size. The complete list of orientation rules follows two additional definitions. Asterisks (e.g.
∗−∗, ∗−→) indicate that any orientation may be possible.

Definition 4.2 (Uncovered path). A path over clusters is uncovered if every consecutive triplet on the
path is unshielded and not marked by a never-connecting arc.

Definition 4.3 (Possibly directed path). A path over clusters between X and Y is possibly directed
(or causal) from X to Y if there is no arrowhead on the path pointing towards X and all triplets on
the path are marked with a marginally-connecting arc with no separation marks subscripted with a
node on the path.

R0: For a triplet ⟨X,Z,Y⟩, if AX,Z,Y is conditionally-connecting, and |Z| = 1, then orient the
triplet as X ∗−→ Z←−∗Y.

R1: If X ∗−→ Z ◦−∗Y, X and Y are not adjacent, andAX,Z,Y is marginally-connecting, then orient
the triplet as X ∗−→ Z→ Y.

R2: If X→ Z∗−→ Y or X∗−→ Z→ Y and X∗−◦Y and there are no never-connecting independence
arcs on the composite manipulated unshielded triplets, then orient X ∗−◦Y as X ∗−→ Y.

R3: If X ∗−→ Z ←−∗Y, X ∗−◦W ◦−∗Y, X and Y are not adjacent, W ∗−◦ Z, and AX,W,Y is
marginally-connecting, then orient W ∗−◦ Z as W ∗−→ Z.

R4: If X◦−◦Z◦−◦Y and X←−◦Y andAX,Z,Y−XY is marginally-connecting or always-connecting,
orient X ◦−◦ Z as X←−∗ Z.

R5: If X ∗−∗Z ∗−∗Y, Z−W, X and W are not adjacent, Y and W are not adjacent, and AX,Z,Y

is never-connecting or conditionally-connecting with connection mark ⊕D such that W ∈ D, then
orient Z−W as Z→W.

R6: If X→ Z→ Y, X ◦−→ Y, and AX,Z,Y−XY is marginally-connecting or always-connecting,
orient X ◦−→ Y as X→ Y.

R7: If X ◦−→ Y, p = ⟨X,Z,W, ...Y⟩ is an uncovered possibly directed path from X to Y such
that Y and Z are not adjacent, and AZ,X,Y is marginally-connecting, orient X ◦−→ Y as X→ Y.

R8: Suppose X ◦−→ Y, Z→ Y ←W, p1 is an uncovered possibly directed path from X to Z, and
p2 is an uncovered possibly directed path from X to W. Let V be the vertex adjacent to X on p1
(V could be Z) and T be the vertex adjacent to X on p2 (T could be W). If V and Z (T and W)
are distinct, let AV,Z,Y (AT,W,Y) be marginally-connecting with no separation mark subscripted
by a variable on p1 (p2). If V and T are distinct and not adjacent, and AT,X,Y and AV,X,Y are
marginally-connecting or always-connecting, then orient X ◦−→ Y as X→ Y.

The procedure for LC-CLOC, leveraging these rules, is outlined in Algorithm 1. It will be clear
from the orientation rules, that if there are no clusters of size 1, it is not possible to get the initial
orientations required for downstream orientation rules to apply. LC-CLOC introduces a combination
of new orientation rules and modifications of rules from FCI, which we show are sound for learning
constraints for an αC-PAG. While we conjecture that the algorithm is complete, we have yet to prove
its completeness, which is an area for future work.
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Figure 4: Runtime, conditional independence count, and SHD experimental results

Algorithm 1 CLOC: Algorithm for Learning an αC-PAG
Input :Admissible partition C = {C1, ...,Cn}, P (C)
Output :αC-PAG, P

1. Form complete graph P over C with ◦−◦ edges.
for X,Y ∈ C do

for S ⊆ C \ {X,Y} do
if X⊥⊥Y|S then

SepSet← S, SepFlag← True, break

if SepFlag = True then
Remove the edge between X,Y in P

2. Determine independence arcs for unshielded triplets by applying rules AR1 - AR3 until
none apply.

3. Apply separation marks and connection marks by definitions B.1 and A.7.
4. Apply rules AR4 - AR15 until none apply
5. Apply orientation rulesR0 -R8 until none apply.

Theorem 4.4. [Soundness of Independence Arc Rules, Orientation Rules and LC-CLOC] The rules
for independence arc assignment and edge orientations as well as the procedure of LC-CLOC are
sound.

5 Experiments

We evaluate the accuracy and efficiency of LC-CLOC in comparison to an "FCI-then-Cluster"
approach where FCI is applied over all variables, and then clusters are imposed over the PAG.
Details of this approach and considerations for accuracy are explored further in Appendix C. We
evaluate randomly generated non-Markovian cluster graphs. Each graph consists of k clusters with
k ∈ {3, 5, 7, 10, 15}where a fraction ρs ∈ {0.2, 0.4, 0.6, 0.8} of clusters were forced to be singletons
(containing only one variable) and the remaining clusters each contained b ∈ {2, 4, 8, 12, 16}
variables. Oracle evaluation determines conditional independence by d-separation in the ground-truth
C-DAG or DAG for LC-CLOC and FCI-then-Cluster, respectively. For finite-sample evaluation,
Gaussian data are generated from a linear SEM and block CI tests are applied at sample sizes n ∈
{3,000, 10,000, 30,000, 100,000}. Our evaluation metrics include algorithm runtime, the number
of conditional independence test performed, and accuracy measured by Structural Hamming Distance
(SHD). For oracle evaluation, each algorithm’s output αC-PAG is compared to the ground truth
C-DAG to assess how much of the graph is possible to recover, and for finite-sample evaluation, each
algorithm’s output αC-PAG is compared to the corresponding oracle αC-PAG to assess sensitivity to
conditional independence estimation error.

9



Our results show that LC-CLOC requires orders of magnitude fewer conditional independence tests
and results in shorter runtime than FCI across all settings. The gap widens with increasing cluster
count and base variables per cluster. Runtime is largely insensitive to the fraction of singleton clusters
and scales mildly with sample size. Oracle and data evaluations show similar trends. LC-CLOC and
FCI recover comparable graph details at small k, with FCI holding an advantage that grows with
cluster count. As the percent of clusters that are singletons increases, SHD converges for LC-CLOC
and FCI. The comparisons of estimated to oracle αC-PAGs is comparable between the two methods
(not pictured) indicating that LC-CLOC is robust under multivariate conditional independence tests.

6 Conclusions

In this paper we introduce theoretical foundations for causal discovery over clusters where latent
confounding between variables is permitted. We also propose a sound algorithm for learning the
graphical equivalence class over clusters under non-Markovianity and illustrate how this algorithm
offers scalability improvements over FCI. Limitations of our approach include standard assumptions
in constraint-based causal discovery including faithfulness which many be violated in practice.
Moreover, clustering introduces an inherent tradeoff between scalability and representation fidelity;
clusters can enable tractable discovery, but may obscure variable-level relationships, so utility depends
on domain. Still, the foundations introduced here provide the first framework for learning over clusters,
offering flexibility within this tradeoff to improve feasibility of causal discovery in high-dimensional
domains.
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A Background and Supporting Definitions

In this section, we provide formal definitions pertaining to C-DAGs and αC-DAGs from [1, 2] for
convenience.
Definition A.1 (Cluster DAG or C-DAG). Given an ADMG G(V,E) (a DAG with bidirected edges)
and a partition C = {C1, . . . ,Ck} of V, construct a graph GC(C,EC) over C with a set of edges
EC defined as follows:

1. An edge Ci → Cj is in EC if exists some Vi ∈ Ci and Vj ∈ Cj such that Vi ∈ Pa(Vj) in
G;

2. A dashed bidirected edge Ci Cj is in EC if exists some Vi ∈ Ci and Vj ∈ Cj such
that Vi Vj in G.

If GC(C,EC) contains no cycles, then we say that C is an admissible partition of V. We then call
GC a cluster DAG, or C-DAG, compatible with G.

Definition A.2 (Manipulation of a shielded triplet). Given a shielded triplet over clusters
⟨Ci,Ck,Cj⟩, its manipulation involves removing the edge between Ci and Cj , corresponding
to removal of any edges between variables in these clusters. After manipulation, the shielded triplet
becomes unshielded and this manipulated unshielded triplet is referenced as ⟨Ci,Ck,Cj⟩−CiCj .

Definition A.3 (Independence Arcs). Consider a graph GC over clusters C = ⟨C0, ...,Cn⟩. For
any unshielded triplet ⟨Ci,Ck,Cj⟩ (or manipulated unshielded triplet ⟨Ci,Ck,Cj⟩−CiCj ), let S
equal a (possibly empty) set of clusters S ⊂ (C\{Ci,Cj}) such that Ci⊥⊥Cj |S, if such a set exists.
For a triplet ⟨Ci,Ck,Cj⟩, an independence arc, ACi,Ck,Cj

∈ A, can be drawn from some point on
the edge between Ci and Ck to some point on the edge between Cj and Ck in the following way:

1. A marginally-connecting independence arc of - - - - is drawn if and only if Ck ∈ S.
Consequently, Ci ⊥̸⊥Cj |S \Ck and Ci ⊥⊥Cj |S.

2. A conditionally-connecting independence arc of —∥— is drawn if and only if Ck /∈ S and
Ci ⊥̸⊥Cj |S ∪Ck.

3. A never-connecting independence arc of - -∥- - is drawn if and only if Ck /∈ S and
Ci ⊥⊥Cj |S ∪Ck.

Shielded triplets are annotated according to the behavior of their respective manipulated triplets.

Definition A.4 (Arc Trajectory). Given a graph GC , for some path over clusters
⟨C1,C2,C3, ...,Cn⟩, the arc trajectory refers to the sequence of independence arcs for each triplet
along the path, a = ⟨AC1,C2,C3 , ...,ACn−2,Cn−1,Cn⟩.
Definition A.5 (Analogous Paths). Given a C-DAG GC and a compatible DAG G, we define a simple
path in G over variables, p = ⟨V1, V2, V3, ..., Vm⟩ to be considered analogous to a path in GC over
clusters pC = ⟨C1,C2,C3, ...,Cn⟩ (and pC analogous to p) if and only if the following hold: 1) for
every variable Vi on p, Vi is in some cluster Ci on pC, 2) for every cluster Cj on pC, there exists
some variable Vj ∈ Cj where Vj is on p, and 3) for any variable Vn ∈ Cn, there does not exist any
variable that appears after Vn on p that is in a cluster before Cn on pC.
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Definition A.6 (Separation Marks). Let G be a DAG, and let GC denote a possible C-DAG for G.
Consider a path pC in GC over clusters ⟨C1,C2,C3, ...,Cn⟩ and its corresponding arc trajectory
a = ⟨AC1,C2,C3 , ...ACn−2,Cn−1,Cn⟩ such that:

1. there is no arc ACi,Ci+1,Ci+2 ∈ a that is a never-connecting arc,

2. there is no d-connecting path p in G over variables relative to some set of clusters Z, analogous
to pC,

3. there exists a d-connecting path p′ in G over variables relative to some set of clusters Z′ that is
analogous to the path p′C = ⟨C1, ...,Cn−1⟩ in GC, and

4. there exists a d-connecting path p′′ in G over variables relative to some set Z′′ of clusters that is
analogous to the path p

′′

C = ⟨C2, ...,Cn⟩ in GC, .

Then, a separation mark, ⊘C1
is placed on the arc ACn−2,Cn−1,Cn

, and a separation mark, ⊘Cn
is

placed on the arc AC1,C2,C3 .

Definition A.7 (Connection Marks). Let G be an ADMG and let GC denote a possible C-DAG
for G with independence arcs. Consider a triplet over clusters in GC, ⟨Ci,Ck,Cj⟩, and its
corresponding independence arc, ACi,Ck,Cj

. Consider the case where ACi,Ck,Cj
is a never-

connecting or conditionally-connecting independence arc and say that there exists a path p in G
over variables through the triplet ⟨Vi, ..., Vk, ...Vj⟩ such that Vi ∈ Ci, Vk ∈ Ck, and Vj ∈ Cj . Then
∀V ′

k ∈ Ck and on p, where V ′
k is a collider, let D be the set of clusters that 1) are children of Ck

in GC and 2) include descendants of all colliders along the path, (D =
⋃
{Cd : Vd ∈ Cd} where

Vd /∈ {Ci,Ck,Cj} and Vd ∈ Ch(Vk)). Then the connection mark ⊕D is added to ACi,Ck,Cj .

Definition A.8 (d-separation over αC-DAGs.). A path pC in an αC-DAG, GC, is said to be d-
separated (or blocked) by a set of clusters Z ⊂ C if and only if its corresponding arc trajectory a
contains an independence arc ACi,Ck,Cj

that is:

1. a marginally-connecting independence arc and (a) Ck is in Z or (b) there exists a separation
mark ⊘Cx

on ACi,Ck,Cj
where Cx is on pC.

2. a conditionally-connecting independence arc and (a) Ck is not in Z nor is any true descen-
dant Cd of Ck (with directed and connecting path Ck → ...→ Cd) in Z, and (b) for any
connection mark ⊕Cx

on ACi,Ck,Cj
, Cx is not in Z or (c) there exists a separation mark

on ACi,Ck,Cj ⊘Cx where Cx is on pC.

3. a never-connecting independence arc and for connection mark⊕Cx
onACi,Ck,Cj

, Cx /∈ Z.

B Extended Discussion

B.1 Motivation and Intuition

The motivation for the extension and introduction of αC-DAGs and αC-MAGs/αC-PAGs, respectively
stems from the challenge of representing independence information and ancestrality together over
clusters. This challenge can also be understood by noting that the innovation of causal discovery
stems from the connection between independence relationships among variables, testable from an
observational dataset, and the structure of edges between the nodes corresponding to these variables
in the associated causal diagram. For example, for some unshielded triplet over variables ⟨X,Z, Y ⟩,
where X and Y are adjacent to Z and not adjacent to each other, a collider structure (X◦−→ Z ←−◦Y )
always implies that X⊥⊥Y and X ⊥̸⊥Y |Z. With clusters, there is a tension between edge orientations
and their implied independence relationships, where the familiar alignment of graphical structure and
statistical independence is inapplicable. To witness, consider the ADMG, G1 in Figure 1d with a
cluster partition as indicated by the circled groups of variables. GC1

is the corresponding C-DAG and
PC1 is an attempt at representing an equivalence class of models sharing the same independences and
dependences over clusters. The independence X⊥⊥Y can be accurately represented with the collider
structure X ◦−→ Z←−◦Y. However, the appropriate orientations for the edge between Z and W
are unclear. X⊥⊥W would imply W ◦−→ Z, yet this structure would contradict the implications
of the dependence Y ⊥̸⊥W. If instead the edge were oriented as W ←−◦ Z or W ◦−◦ Z, the
dependence between Y and W would be correctly conveyed, but the dependence X ⊥̸⊥W|Z would
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In
de

pe
nd

en
ce

In
fo

rm
at

io
n Non-collider Collider Inducing Path

X ⊥̸⊥Y
X⊥⊥Y | Z X

Z1 Z2 Z3

Y

(a) G1

X

Z1 Z2 Z3

Y

(b) G2

X⊥⊥Y
X ⊥̸⊥Y | Z

X

Z1 Z2 Z3

Y

(c) G3

X

Z1 Z2 Z3

Y

(d) G4

X ⊥̸⊥Y
X ⊥̸⊥Y | Z X

Z1 Z2 Z3

Y

(e) G5

X⊥⊥Y
X⊥⊥Y | Z X

Z1 Z2 Z3

Y

(f) G6

X

Z1 Z2 Z3

Y

(g) G7

X

Z1 Z2 Z3

Y

(h) G8

Figure 5: Eight ADMGs with indicated partitions representing triplets of non-colliders, colliders, and
inducing paths over clusters, with possible independence information sets.

be misrepresented. While graphical equivalence classes typically only include one edge between
each pair of nodes, an attempt to include both the edges W ◦−→ Z and W ←−◦ Z (or W ◦−◦ Z)
would still result in ambiguity regarding which edge(s) to consider in analysis of a particular triplet.

Another way to understand the need for independence arcs and an extension of the Markov case arcs,
is through observing that any direction of ancestrality could exist for multiple pairs of marginal and
conditional (in)dependences. Consider the ADMGs G3 and G7 in Figure 5. Both graphs correspond
to a C-DAG with three nodes forming a collider structure, but are each associated with their own
(in)dependence information: for G3, X ⊥⊥ Y;X ⊥̸⊥ Y|Z as is usual with colliders, and for G7,
X⊥⊥Y;X⊥⊥Y|Z which never occurs over variables. The collider triplet over clusters with latent
confounding, then, can not be mapped to a single pair of marginal and conditional (in)dependences,
as in the Markovian or variable case. In Figure 5, G1 and G6 both map to a C-DAG with three
nodes forming a non-collider structure. As with the Markov case, it is possible to observe either
X ⊥̸⊥Y;X⊥⊥Y|Z or X⊥⊥Y;X⊥⊥Y|Z for a non-collider triplet over clusters, and the structure
cannot be singularly associated with independence information. Finally we consider an unshielded
triplet as an inducing path. For variables, a triplet as an inducing path could appear either as a fork,
with bidirected edges between the center and each adjacent node, or as a chain, with at least one
bidirected edge between the center node and the adjacent node with an arrowhead into it. A bidirected
edge between the center node and the adjacent node with a tail from it is allowed, but not necessary. In
Figure 5, ADMGs G2, G4, G5 and G8 all correspond to a C-DAG with three nodes and what appears
to be an inducing path structure, however they each correspond to different marginal and conditional
(in)dependences. Notably, the inducing path structure corresponding to X ⊥̸⊥Y;X ⊥̸⊥Y|Z has no
analog in a Markov context, motivating the need for a new independence arc.

Overall, Figure 5 summarizes possible combinations of structure and independence information. This
chart can be compared with Figure 6 which illustrates examples comparing possible combinations of
structure and independence information for graphs only involving variables and no clusters, where
the one-to-one alignment of structure and independence information is clearly illustrated.
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Y

(h) G3

X⊥⊥Y
X⊥⊥Y | Z

Figure 6: Three ADMGs representing triplets of non-colliders, colliders, and inducing paths over
variables, with possible independence information sets.

B.2 d-separation in non-Markov αC-DAG

Independence arcs allow for a new representation of d-separation. Where latent confounding is
allowed, for an isolated triplet with clusters ⟨Ci,Ck,Cj⟩, the triplet is active (d-connecting) relative
to the (possibly empty) set of cluster vertices Z if a) ⟨Ci,Ck,Cj⟩ is marked with an always-
connecting independence arc, b) ⟨Ci,Ck,Cj⟩ is marked with a marginally-connecting independence
arc and Ck /∈ Z or c) ⟨Ci,Ck,Cj⟩ is marked with a conditionally-connecting independence arc
and Ck ∈ Z. Otherwise, ⟨Ci,Ck,Cj⟩ is d-separated relative to Z. Beyond an isolated triplet in an
αC-DAG, recall that a sequence of independence arcs corresponding to a path over edges is called
an arc trajectory (Def. A.4). With latent confounding, there may be multiple paths over the same
sequence of nodes (e.g. A ← B ← E and A ← B ↔ E in GC2

of Figure 3). However these
paths share the same unique arc trajectory. Each arc trajectory must be evaluated to determine if two
clusters are d-separated in an αC-DAG.
Example 2. Consider the example in Figure 3 where G2 is an ADMG, and GC2 is an αC-DAG,
where G2 is in the class of GC2

. To determine whether A and D are d-separated (A ⊥⊥D), the
possible paths between A and D are identified, of which there are three: A → B → C ← D,
A → B → E → D, and A → B ↔ E → D. Consider the first path. The arc trajectory
corresponding to this path is ⟨AA,B,C,AB,C,D⟩. Because there is no conditioning set in the query,
only AA,B,C indicates an active triplet but not AB,C,D, and therefore A and D are not connected
along this path as all independence arcs in the arc trajectory must be active for two variables to be
connected. Considering the second path, the arc trajectory is ⟨AA,B,E,AB,E,D⟩. While AA,B,E is
an always-connecting arc, AB,E,D is a never-connecting arc, so A and D are not connected by this
path either. The third path has the same arc trajectory as the second. Therefore, we can conclude
that A⊥⊥D.

Separation marks enrich independence arcs to offer a complete representation (with connection
marks) of independence in more complex graphs. Below is the formal and complete definition of
separation marks for αC-DAGs with latent confounding.
Definition B.1 (Separation Marks). Let G be an ADMG and let GC denote a possible C-DAG for G.
Consider a path pC in GC over clusters ⟨C1,C2,C3, ...,Cn⟩ and its corresponding arc trajectory
(Def. A.4) a = ⟨AC1,C2,C3

, ...ACn−2,Cn−1,Cn
⟩ such that:

1. there is no arc ACi,Ci+1,Ci+2 ∈ a that is a never-connecting arc,

2. there is no d-connecting path p in G over variables relative to some set of clusters Z, that is
analogous to pC,

3. there exists a d-connecting path p′ in G over variables relative to some set of clusters Z′

that is analogous to the path p′C = ⟨C1, ...,Cn−1⟩ in GC, and
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4. there exists a d-connecting path p′′ in G over variables relative to some set Z′′ of clusters
that is analogous to the path p

′′

C = ⟨C2, ...,Cn⟩ in GC.

Then, a separation mark, ⊘C1
is placed on the arc ACn−2,Cn−1,Cn

, and a separation mark, ⊘Cn
is

placed on the arc AC1,C2,C3
.

Now consider a path pC in GC over clusters ⟨C1,C2,C3, ...,Cn⟩ and its corresponding arc trajec-
tory a = ⟨AC1,C2,C3 , ...ACn−2,Cn−1,Cn⟩ such that:

1. there is no arc ACi,Ci+1,Ci+2
∈ a that is a never-connecting arc,

2. there exists a path p in G over variables that is analogous to pC, and

3. AC1,C2,C3
is an always-connecting arc.

Then,:

1. if there exists some p that is a connecting-path, and there are no collider-paths, the separa-
tion mark ⊘Cn

is placed on AC1,C2,C3
, and a separation mark ⊘C1

is placed on the arc
ACn−2,Cn−1,Cn

.

2. if there exists some p that is a collider-path, and there are no connecting-paths, the separa-
tion mark ⊘Cn

is placed on AC1,C2,C3
, and a separation mark ⊘C1

is placed on the arc
ACn−2,Cn−1,Cn

B.3 αC-MAG Semantics

B.3.1 Inducing Paths

The semantics of αC-MAGs depends critically on inducing paths. Definition 3.1 for inducing paths
over clusters can be understood by considering the C-DAG, GC in Figure 7. If the definition of an
inducing path over variables (see Def. B.2 below) is applied to the clusters, it may appear as if there
is an inducing path between X and Y in GC. G1, G2, and G3 in Figure 7 illustrate three possible
ADMGs with different relationships internal to cluster Z, and include the independence arcs that
would mark the triplet in a compatible αC-DAG. In Figure 7b, pv = p′v between X and Y such that
every node on pv is a collider and an ancestor of either X or Y. In Figure 7c, pv ̸= p′v , but there does
exist a path pv between X and Y through Z where each node is a collider, and there is another path
p′v where each node is an ancestor of either X or Y. G2 has the same independence and indescernible
ancestral information over clusters as G1 and will therefore have the same αC-MAG representation.
By contrast, G3, while having a path p′v where all nodes on the path are ancestors of either X or Y,
has no path pv from X to Y through Z where every node on the path is a collider and so G3 has
different independence information from G1 and G2. Definition 3.1 for inducing paths over clusters
will represent only and all triplets where X ⊥̸⊥Y,X ⊥̸⊥Y|Z; that is, where there is no separating set
over clusters. Therefore inducing paths are composed only of always-connecting independence arcs.

X

Z

Y

(a) GC

C-DAG

X

Z1 Z2

Y

(b) G1

X

Z1

Z2

Y

(c) G2

X

Z1 Z2

Y

(d) G3

Figure 7: C-DAG GC with three compatible DAGs G1, G2 and G3. GC appears to have an inducing
path and G1 has a true inducing path over variables. G2 does not have an inducing path over
variables, but the paths between X and Y through cluster Z cause behavior at the cluster level that
is indistinguishable from that of an inducing path. While the edges over the clusters for G3 create
the appearance over clusters of what is familiarly interpreted as an inducing path, over variables it
is clear that there are no inducing paths and the independence information does not behave as an
inducing path.
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Definition B.2 (Inducing Path (over variables)). Given X,Y ∈ V,L ⊆ V \ {X,Y }, an inducing
path between X,Y relative to L is a path between X and Y on which every vertex not in L is a
collider on the path and every collider is an ancestor of either X or Y .

B.3.2 αC-MAG Construction

Definition 3.3 describes how an αC-DAG can be transformed into an αC-MAG. An example of this
process can be found below.

Example 3. In Figure 3, G2 is a causal diagram in the class of αC-DAG GC2
. We generate αC-MAG,

MC2
, as follows. Identifying inducing paths in GC, yields the edges ofMC, matching GC with

the added edge A→ E, from the always-connecting arc on and inducing path of ⟨A,B,E⟩. These
edges are oriented according to ancestrality by GC, and independence arcs are added to MC

from GC. Adding edge A → E creates new triplets: ⟨E,A,B⟩, ⟨A,E,B⟩, and ⟨A,E,D⟩. The
triplets ⟨E,A,B⟩ and ⟨A,E,B⟩ arise from a shielded triplet and are assigned a never-connecting
arc. Triplet ⟨A,E,D⟩ is unshielded, and since (A,E) appears only in MC we consider paths
⟨A, ...,E,D⟩ of which there is one, namely ⟨A,B,E,D⟩. The never-connecting arc on triplet
⟨B,E,D⟩ implies the path is inactive marginally and conditionally on E, so ⟨A,E,D⟩ is assigned
a never-connecting arc.

B.3.3 Ancestrality in αC-MAGs

αC-MAGs have the property of being ancestral, a property that is redefined for a cluster context in
Definition 3.4. An example illustrating the definition is below.

B.3.4 Discriminating Paths in αC-MAGs

Markov equivalent αC-MAGs are informed by discriminating paths, which are redefined for a cluster
context in Definition 3.9. An example illustrating the definition is below.

Example 4. Figure 8 illustrates two graphs, both of which are ancestral. The independence arcs
inform ancestral relationships, and in the case of MC2 , this allows for edges which create the
appearance of an almost-directed cycle by edge orientations, but is in fact not a true almost-directed
cycle, because A /∈ An(D), as indicated by the independence arcs.

Example 5. Figure 9 illustrates a canonical example of a discriminating path structure with repre-
sentation over clusters. Edges with asterisks are used to indicate any possible orientation. Let Q
be the set of all nodes between X and V. If X⊥⊥Y|Q and X⊥⊥Y|{Q,V}, AW,V,Y−WY must be
a never-connecting arc. If X⊥⊥Y|Q and X ⊥̸⊥Y|{Q,V}, AW,V,Y−WY must be a conditionally-
connecting arc. If X ⊥̸⊥Y|Q and X⊥⊥Y|{Q,V}, AW,V,Y−WY must be a marginally-connecting
arc. If X ⊥̸⊥ Y|Q and X ⊥̸⊥ Y|{Q,V}, AW,V,Y−WY must be a an always-connecting arc. If
|V| = 1, logic similar to that of the unshielded collider case will hold, in that if AW,V,Y−WY is a
conditionally-connecting arc, V will be a collider node.

B.3.5 Interpretation of αC-MAGs

The interpretation of αC-MAGs follows from its construction definition. An αC-MAG can be
understood to convey the following information:

A

BC

D

| || |

(a) MC1

A

BC

D
| |

| || |

| |

(b) MC2

Figure 8:MC1
andMC2

are cluster graphs that are ancestral.
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(a) G1

Figure 9: A discriminating path over clusters between X and Y for V

• Ci → Cj means that ∃Vi ∈ Ci that is a cause of some Vj ∈ Cj , but there is no V′
j ∈ Cj

that is a cause of any V′
i ∈ Ci

• Ci ↔ Cj means that there is no Vi ∈ Ci that is a cause of any Vj ∈ Cj , and there is no
V′

j ∈ Cj that is a cause of any V′
i ∈ Ci.

C Additional Experimental Details and Results

C.1 Experimental Setup and Design

All experiments were run on a machine with CPU: Intel i9 Chip, 32 GB of RAM, and macOS
operating system. A single core was used for the experiments. Algorithms are implemented in
Python.

Graph generation. For each configuration, we generated a random C-DAG over k clusters using an
Erdős–Rényi skeleton with edge density 0.2, then expanded it to a variable-level DAG. A fraction
ρs ∈ 0.2, 0.4, 0.6, 0.8 of clusters were forced to be singletons (one variable); the remainder each
contained b variables. Intra-cluster variable graphs were random DAGs with edge density 0.4 and
an independent 20% edge-retention dropout (pkeep = 0.8). Inter-cluster latent confounders were
added to 70% of adjacent cluster pairs (ρL = 0.7), each represented by a single latent variable with
directed edges into both clusters; when a latent confounder was added between two clusters, each
direct variable-level edge between them was independently dropped with probability 0.2. Intra-cluster
latent confounders were also added, with the fraction of confounded adjacent variable pairs drawn
uniformly per cluster. We evaluated k ∈ 3, 5, 7, 10, 15 clusters with b ∈ 2, 4, 8, 12, 16 variables per
non-singleton cluster, yielding graphs ranging from a handful to a few dozen observed variables.
Each configuration was repeated for R = 10 independent random seeds.

Algorithm Implementation. LC-CLOC uses Wilks’ Lambda independence test and FCI-then-cluster
uses a Fisher-Z correlation test. FCI-then-cluster runs the standard FCI algorithm at the variable level
and projects the resulting PAG to cluster-level marks. The clustering procedure is shown below.

Definition C.1 (Clustered PAG.). Given a PAG, P over variables V, and a partition C =
{C1, ...,Cn} of V, construct a graph PC over C as follows.

• An edge between Ci and Cj exists in PC if and only if there exist Vi ∈ Ci and Vj ∈ Cj

such that Vi and Vj are adjacent in P .

• For each ordered cluster pair (Ci,Cj), letMij be the multiset of marks at the Ci-end
collected over all inter-cluster variable edges Vi–Vj with Vi ∈ Ci, Vj ∈ Cj . The mark
placed at Ci on the cluster-level edge Ci—Cj is resolved by priority as follows:

IfMij contains both an arrowhead (→) and a tail (−), the mark is set to ◦. Otherwise the
mark of highest priority is used, where arrowhead> tail > ◦.

We note that the graphical object created by the procedure above, which we refer to as a clustered
PAG, determined by the FCI-then-Cluster approach, is distinct from an αC-PAG. In particular, edges
that should be variant in a cluster Markov equivalence class may be oriented in the clustered PAG,
due to some feature of the distribution over variables.
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Figure 10: Stratified SHD Results

C.2 Additional Results

Figure 10 shows SHD results stratified for the data and oracle analyses, as well as across cluster
counts, sample size, base variables per cluster, and percent of singleton clusters. Panel (c) shows
clearly how for a given k clusters, as the percent of singleton clusters increases, the difference
between the SHD of the two approaches decreases. The SHD remains constant for a given k even
while the base number of variables per cluster increases, showing robustness with large clusters.

D Proofs

Theorem 2.4. [Soundness and completeness of d-separation in αC-DAGs with latent confounding.]
In an αC-DAG GC, let {X,Z,Y} ∈ C. X and Y are d-separated by Z in GC, if and only if for any
ADMG, G, compatible with GC, X and Y are d-separated by Z in G.

Proof. First we prove the soundness of d-separation by showing that if X and Y are d-separated by Z
in GC, then, in any ADMG, G, compatible with GC, X and Y are d-separated by Z in G. We show
by contradiction. Assume X and Y are d-separated by Z in GC but in some compatible ADMG, G,
there exists a path p between a variable X ∈ X and Y ∈ Y that is active when the set of variables
contained in cluster Z are conditioned on. By the preservation of paths and adjacencies, no connection
is destroyed through clustering, so p in G is contained in a path pC of GC between clusters X and Y.
Since X and Y are d-separated by Z in GC, pC is blocked, and X and Y are not adjacent. Therefore,
by definition 2.3, there is at least one triplet of clusters in pC that indicates a block on the path. Let
this triplet be ⟨Ci,Cm,Cj⟩, and let its associated independence arc be ACi,Cm,Cj where Cm is
distinct from X and Y. Consider the subpath pij of p contained in the triplet ⟨Ci,Cm,Cj⟩ in pC.
Since p is active by assumption, every subpath of p is active, including pij . The triplet ⟨Ci,Cm,Cj⟩
indicates a block on the path either if 1) ACi,Cm,Cj

is a never connecting arc with no connection
marks ⊕Cd

such that Cd ∈ Z, 2) if ACi,Cm,Cj
is a marginally-connecting arc where Cm ∈ Z, 3) if

ACi,Cm,Cj
is a conditionally-connecting arc such that Cm /∈ Z and with no connection mark ⊕Cd

such that Cd /∈ Z or 4) if there is a separation mark ⊘Cx
, ⊘Cx

, or ⊘Cx
on ACi,Cm,Cj

such that
Cx is on pC and Cm ∈ Z for ⊘Cx

and Cm /∈ Z for ⊘Cx
. Cases 1-3 follow from the Markov case.

In case 4, definition B.1 states that if ACi,Cm,Cj
is an always-connecting path, if ACi,Cm,Cj

is a
marginally-connecting arc such that Cm /∈ Z, or if ACi,Cm,Cj is a conditionally-connecting arc
such that Cm ∈ Z, then pij may be active, but since ACi,Cm,Cj is marked with a separation mark,
there must exist some sub-path pix of p from some Vi ∈ Ci to some Vx ∈ Cx such that Cx is on
pC that is inactive. Therefore, p must be inactive, there is a contradiction, and we conclude that if
X and Y are d-separated by Z in GC, then, in any ADMG, G, compatible with GC, X and Y are
d-separated by Z in G.
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Then, we prove the completeness of d-separation by showing that if X and Y are d-separated by
Z in an ADMG G, then X and Y are d-separated by Z in a compatible αC-DAG GC. We prove
by contradiction. Assume all paths from some X ∈ X to some Y ∈ Y are blocked by Z in some
ADMG G, but X and Y are not d-separated by Z in GC, i.e. (X ⊥̸⊥ Y|Z)GC

. If all paths from
any X ∈ X to any Y ∈ Y are inactive by Z, then by preservation of paths and adjacencies, X
and Y are not adjacent in GC. No connections are destroyed through clustering so any p in G is
contained in a path pC of GC between clusters X and Y. Because X ⊥̸⊥Y|Z in GC, by Definition
2.3, there must exist some path pC such that 1) for any triplet ⟨Ci,Cm,Cj⟩ on pC, the independence
arc ACi,Cm,Cj

marking it must not be marked by a separation mark ⊘Ck
where Ck is on pC, 2)

for all marginally-connecting arcs Cm /∈ Z, 3) for all conditionally connecting arcs Cm ∈ Z, or
ACi,Cm,Cj

is marked with a connection mark ⊕Cd
and Cd or a true descendant is in Z, 4) for all

never-connecting arcs,ACi,Cm,Cj
is marked by a connection mark⊕Cd

and Cd or a true descendant
is in Z.

For all paths p from some X ∈ X to some Y ∈ Y in G to be blocked, there must exist at least
one triplet ⟨Vi, Vm, Vj⟩, contained either within 1 cluster (i.e. ⟨Vi, Vm, Vj⟩ ∈ Cm) or between 2 (i.e.
⟨Vi, Vm⟩ ∈ Cm, Vj ∈ Cj or Vi ∈ Ci, ⟨Vm, Vj⟩ ∈ Cm) or 3 clusters (i.e. Vi ∈ Ci, Vm ∈ Cm, Vj ∈
Cj) on pC, that is blocked.

1. If the triplet is a non-collider, Vi ∗−∗ Vm ∗−→ Vj , then Vm must be in Z, which implies
that Cm ∈ Z. As there could be multiple paths through a cycle, the triplet over clusters,
⟨Ci,Cm,Cj⟩ could still be marked by any independence arc.

(a) IfACi,Cm,Cj
is a marginally-connecting arc or never-connecting arc, because Cm ∈ Z

there is a contradiction with the implications of (X ⊥̸⊥Y|Z)GC
.

(b) If ACi,Cm,Cj
is a conditionally-connecting arc or an always-connecting arc, then

there must exist a different path, p′, over variables through the triplet from some some
V ′
i ∈ Ci to V ′

j ∈ Cj through Cm that is a collider path. Because Cm ∈ Z, either
there is no X ∈ X or Y ∈ Y on p′ or there must be another triplet, Vq, Vr, Vw, on p′

that is blocked.

2. If the triplet is a collider, Vi ∗−→ Vm ←−∗ Vj , then Vm nor any of its descendants, Vd can be
in Z, implying that Cm /∈ Z and Cd /∈ Z where Vd ∈ Cd and ACi,Cm,Cj is marked with
the connection mark ⊕Cd

.

(a) If ACi,Cm,Cj
is a marginally-connecting arc or an always connecting arc, then there

must exist a different path, p′, over variables through the triplet from some some
V ′
i ∈ Ci to V ′

j ∈ Cj through Cm that is a connecting path. Because Cm /∈ Z, either
there is no X ∈ X or Y ∈ Y on p′ or there must be another triplet, Vq, Vr, Vw, on p′

that is blocked.
(b) If ACi,Cm,Cj

is a conditionally-connecting arc or a never-connecting arc, because
Cm /∈ Z, and where there is a connection mark ⊕Cd

, Cd /∈ Z, there is a contradiction
with the implications of (X ⊥̸⊥Y|Z)GC

.

For any path p′ with a blocked triplet ⟨Vq, Vr, Vw⟩, either one of the conditions above leading to a
contradiction (case 1a or 2b) applies, or there is a contradiction because a separation mark must exist
along the path pC. By definition B.1, the separation mark would be required because by assumption,
all paths between any X ∈ X and Y ∈ Y are blocked by Z in G, so it is not possible for there to be
a d-connecting path relative to Z in G analogous to pC in GC . However, p is a d-connecting path
relative to Z analogous to p′C = ⟨Ci, ...,Cr⟩ and p′ is a d-connecting path relative to Z analogous to
p′′C = ⟨Cm, ...,Cw⟩, so by definition B.1, the criteria is met and a separation must be placed.

If X and Y are d-separated by Z in G, it is also possible that there is no path from any X ∈ X to
some Y ∈ Y, and Z would equal the empty set. In this case, by preservation of adjacencies, for
any triplet ⟨Ci,Cm,Cj⟩ along pC, there must be some Vi ∈ Ci adjacent to some Vm ∈ Cm, and
some V ′

m ∈ Cm adjacent to some Vj ∈ Cj . Then, there must exist some such triplet where Vm

is not adjacent to V ′
m. If for all Vm and V ′

m in Cm, Vm and V ′
m are not adjacent, then ACi,Cm,Cj

must be marked with a never-connecting arc in GC with no connection mark, and there would be a
contradiction with the implications of (X ⊥̸⊥Y|Z)GC

. Otherwise, because X and Y are d-separated
by Z in G, there must exist some connecting subpaths of pC, Ci, ...,Cn and Ci+1, ...,Cn + 1 such
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that Ci ⊥⊥Cn+1, which, by definition B.1, necessitates a separation mark and then there would be a
contradiction with the implications of (X ⊥̸⊥Y|Z)GC

.

Remark 3.2. In αC-DAGs, triplet ⟨X,Z,Y⟩ with an always-connecting arc forms a primitive
inducing path.

Proof. This remark follows directly from definition 2.1.

We prove that the graph yielded by definition 3.3 is in fact ancestral and maximal by definitions 3.4
and 3.5, respectively.

Proof. By definition 3.4, the graphical output of definition 3.3 must not include any true directed
cycles or any true almost directed cycles. Consider an αC-MAGMGC

corresponding to αC-DAG
GC. If MGC

contains a true directed cycle, then by definition 3.3, there must be a cycle in the
corresponding αC-DAG. However, this is impossible by the assumption of an admissible partition for
the αC-DAG. By definition 3.3, it is also impossible to have a true almost directed cycle because if
there exists some pair of variables, A,B for which there exists an apparent directed path from A to
B, but A↔ B are connected by a bidirected edge, there must be an independence arc on the path
that is not marginally-connecting and/or there is a separation mark such that there is no true directed
path, and then there is no true almost directed cycle. If there is a true directed path from A to B,
there would be a violation of definition 3.3 as A ∈ An(B) so it should be A→ B.

Remark 3.6. An αC-MAG cannot have an always-connecting arc on an unshielded triplets.

Proof. This remark follows directly from remark 3.2 and definition 3.3.

We introduce three additional remarks that will inform subsequent proofs.
Remark D.1. In an αC-DAG, marginally-connecting and always-connecting independence arcs
always imply a non-collider structure in the corresponding αC-MAG.

Proof. We prove by contradiction. Consider an unshielded triplet ⟨Ci,Ck,Cj⟩ such that ACi,Ck,Cj

is a marginally-connecting, or always-connecting independence arc. We show that orienting the triple
as Ci∗−→ Ck ←−∗Cj necessarily leads to a contradiction. By the definitions of marginally-connecting
and always-connecting independence arcs, we have Ci ⊥̸⊥Cj |S\Ck, where S is a minimal separating
set for Ci and Cj . Assume that the structure over clusters forms a collider, Ci ∗−→ Ck ←−∗Cj .
There must exist at least one connecting path, p between Ci and Cj through Ck. Since the edge
between Ci and Ck is assumed to have an arrowhead into Ck, there must be a pair of nodes Vi ∈ Ci

and Vk ∈ Ck on p such that Vi ∗−→ Vk. By the admissibility of the partition and definition 3.3, an
edge of the form Vi′ ← Vk′ can not exist ∀Vi′ ∈ Ci, Vk′ ∈ Ck. To have a connecting path, there may
be no collider on p, so every subsequent edge between Vk, Vk+1 ∈ Ck along the path p must be of
the form Vk → Vk+1. Because Ck ← Cj , there must also exist some Vj ∈ Cj and some V ′

k ∈ Ck

such that V ′
k ← Vj where V ′

k is on p. Because of the assumption of the admissibility of the partition
and by definition 3.3, there can be no edge V ′k → Vj . Then there must exist a collider and there is a
contradiction. Therefore, the triplet ⟨Ci,Ck,Cj⟩ must be a non-collider.

Remark D.2. In an αC-DAG, a conditionally-connecting independence arc annotating triplet
⟨Ci,Ck,Cj⟩ could imply either a collider or a non-collider structure in its corresponding αC-MAG
whenever |Ck| > 1 and always implies a collider structure when |Ck| = 1.

Proof. Consider an unshielded triplet ⟨Ci,Ck,Cj⟩ in an αC-DAG GC such that ACi,Ck,Cj
is a

conditionally-connecting independence arc. This implies that Ci ⊥⊥Cj |S \Ck;Ci ⊥̸⊥Cj |Ck ∪ S
where S is a minimal separating set for Ci and Cj then there must exist some collider path p =
Vi, ..., Vk, ..., Vj in the underlying ADMG G where Vi ∈ Ci, Vk ∈ Ck, and Vj ∈ Cj , such that every
non-endpoint node is a collider, and there can be no connecting paths from Ci to Cj through Ck.

We first prove that when |Ck| = 1, a conditionally-connecting arc implies a collider structure in
the αC-MAG. If |Ck| = 1, then there must exist some path, p = ⟨Vi, Vk, Vj⟩ in G where Vi ∈ Ci,
Vk ∈ Ck and Vj ∈ Cj in GC, such that every non-endpoint node is a collider for Ci ⊥̸⊥Cj |Ck ∪ S
to hold. Since Vk is the only non-endpoint node on p, it must be a collider. Because Vk is the only
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node in Ck, if Vk were an ancestor of either Vi or Vj , then there would be a connecting path from Ci

to Cj through Ck and there would be a contradiction. Therefore, Vk is a definite non-ancestor of Vi

and Vj , and Ck is a definite non-ancestor of Ci and Cj in the associated αC-MAG.

Next we show that when |Ck| > 1, a conditionally-connecting arc could imply either a collider
or non-collider structure in the corresponding αC-MAG. If |Ck| > 1, then there must exist some
path, p = ⟨Vi, ..., Vk1 , ..., Vkn , ..., Vj⟩ in G where Vi ∈ Ci, {Vk1 , ..., Vkn} ⊆ Ck and Vj ∈ Cj

in GC, such that every non-endpoint node is a collider so that Ci ⊥̸⊥ Cj |Ck ∪ S holds. Subpath
p′ = ⟨Vk1 , ..., Vk1⟩ must then have all vertices connected with bidirected edges. The edges between
Vi and Vk1 and between Vkn and Vj would need to be oriented such that Vk1 and Vkn are colliders,
which could be either through directed edges, or bidirected edges. If the edges between Vi and
Vk1

and between Vkn
and Vj were directed, they must be directed as Vi → Vk1

and Vkn
← Vj

respectively, to preserve the collider path. In this case, edges in both the αC-DAG and αC-MAG
would be oriented as Ci → Ck ← Cj , creating a collider structure. However, if the edges on p
between Vi and Vk1

and between Vkn
and Vj are bidirected, then there is a possibility of directed

edges, between these or other variables in Ci and Ck, and Ck and Cj . If ∃Vi′ ∈ Ci, ∃Vk′ ∈ Ck such
that Vk′ ∈ An(Vi′) or if ∃Vj′ ∈ Cj , ∃Vk′ ∈ Ck such that Vk′ ∈ An(Vj′), then triplet ⟨Ci,Ck,Cj⟩
could be oriented as a non-collider in the corresponding αC-MAG.

Remark D.3. In an αC-DAG, a never-connecting independence arc could imply either a collider or
a non-collider structure in a corresponding αC-MAG.

Proof. Consider a triplet ⟨Ci,Ck,Cj⟩ such that ACi,Ck,Cj
is a never-connecting independence arc.

This implies that Ci ⊥⊥Cj |S \Ck;Ci ⊥⊥Cj |S ∪Ck, where S is a minimal separating set for Ci

and Cj . Then either there is no path from any Vi ∈ Ci to some Vj ∈ Cj through Ck, or every such
path p must include at least 4 nodes, p = Vi, ..., Vk1 , Vk2 , ..., Vj where Vi ∈ Ci, Vk1 , Vk2 ,∈ Ck, and
Vj ∈ Cj , such that there is at least one collider triplet that is not an inducing path and at least one
non-collider triplet that is not an inducing path on p. Consider the latter case. Let p be a path of
exactly 4 nodes ⟨Vi, Vk1

, Vk2
, Vj⟩ such that Vi ∈ Ci, Vk1

, Vk2
,∈ Ck and Vj ∈ Cj . Either Vk1

is
a collider node and Vk2

is a non-collider node or Vk1
is a non-collider node and Vk2

is a collider
node. In the first case, Vi ∗−→ Vk1

←−∗ Vk2
→ Vj or Vi ∗−→ Vk1

← Vk2
←−∗ Vj . In the second

case, Vi ∗−→ Vk1
→ Vk2

←−∗ Vj or Vi ← Vk1
∗−→ Vk2

←−∗ Vj . Then ⟨Ci,Ck,Cj⟩ may be either
a collider or a non-collider. Adding any additional node, Vki+1, to p creates additional collider
and/or non-collider nodes, but still allows for collider and non-collider structures over clusters. Now
consider where there is no path from any Vi ∈ Ci to some Vj ∈ Cj through Ck. Then the direction
of any edge Vi ∗−∗ Vk or V ′

k ∗−∗ Vj can be in any direction such that ⟨Ci,Ck,Cj⟩ may be either a
collider or a non-collider.

Remark 4.1. If all clusters contain more than one variable, it is not possible to learn any orientations.

Proof. The proof follow from remarks D.1, D.2, D.3. Because marginally-connecting and always-
connecting independence arcs are always non-colliders, and non-colliders can be oriented many ways,
and because conditionally-connecting and never-connecting arcs could be oriented as either colliders
or non-colliders, knowing the independence arc for a triplet does not provide sufficient information to
orient any edges if the clusters have more than one variable.

Theorem 3.8. Two αC-MAGsM1,M2 (with the same partition C of the same set of variables V)
are cluster Markov equivalent iff they share the same adjacencies, independence arcs on unshielded
and discriminated manipulated unshielded triplets, and separation and connection marks.

Proof. Adjacencies inform for which pairs of clusters there is no separating set. If an adjacency
exists inM1 but notM2 then there is an m-separation inM2 not inM1. If all adjacencies are
shared, then the same pairs of variables in the two graphs do not have a separating set.

It follows naturally from the definition of d-separation, which extends to αC-MAGs, that the same
independence arcs on unshielded triplets including the same separation and connection marks, are
required for paths (common between the two graphs given the same adjacencies) comprised of these
triplets to share the same status of being connecting or blocked. Regarding shielded triplets, if a
component manipulated unshielded triplet, ⟨X,Z,Y⟩−XY is discriminated, then there exists some
pair of clusters, A,B for which their marginal and conditional independence or dependence would
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change depending on the independence arc AX,Z,Y−XY . These cases are described and the proofs
are shown below for the independence arc determination rules 4-15.

If one of these cases (described in independence arc determination rules 4-15) does not apply for
AX,Z,Y−XY , then all d-separations in the graph will be the same regardless of the independence
arc annotating the manipulated unshielded triplet. Given the shielded triplet ⟨X,Z,Y⟩ in isolation,
no independence arcs can be determined for the manipulated unshielded triplets as all clusters are
always dependent on each other. If there is an additional variable W such that Y and W are adjacent
and X,Z and W are not, then not all triplets in the graph are shielded, potentially allowing for
an independence arc to be determined. However, if 1) AZ,Y,W and AX,Y,W are both marginally-
connecting, 2) AZ,Y,W and AX,Y,W are both conditionally connecting, or 3) AZ,Y,W is always
connecting or never-connecting, then the paths p1 = ⟨X,Y,W⟩ and p2 = ⟨X,Z,Y,W⟩ will
always be blocked or open under the same conditions (with the given conditioning set) regardless
of the independence arc of ⟨X,Z,Y⟩−XY. Then, ⟨X,Z,Y⟩−XY can have any independence arc
and the d-separations in the graph won’t change. In all cases, whether or not cluster Y blocks the
path determines if X and Z (and any upstream clusters on the path) are connected to W (and any
downstream clusters on the path).

The other context where a manipulated unshielded triplet may be discriminated is in the context of a
discriminating path, where a similar logic applies.

For the proof of soundness of LC-CLOC, first we prove the soundness and completeness of the
independence arc determination rules and the soundness of the edge orientation rules. The proof for
the soundness of LC-CLOC follows.

The independence arc determination rules are sound and complete for independence arc assignment.
The soundness for rules AR1,AR2, and AR3 follow directly from definition 2.1. Proofs for the
soundness of the remaining independence arc determination rules follow.

Consider a shielded triplet ⟨X,Z,Y⟩ and manipulated unshielded triplet ⟨X,Z,Y⟩−XY. In isola-
tion, no independence arc can be assigned to ⟨X,Z,Y⟩−XY as the information flow through the
manipulated unshielded triplet cannot be isolated from edge X ◦−◦Y. Therefore, to determine an arc
for a manipulated unshielded triplet, at least one more node must be connected to the corresponding
shielded triplet. Call this node W such that W is adjacent to Y, Y ◦−◦W and W is not adjacent
to X. With this structure, there are two paths between X and W. Let p1 = ⟨X,Y,W⟩ and let
p2 = ⟨X,Z,Y,W⟩.
AR4: For a shielded triplet ⟨X,Z,Y⟩ with W ◦−◦Y and where {X,Z} and W are not adjacent,
if AZ,Y,W is conditionally-connecting and AX,Y,W is not, Z /∈ SepSet(X,W), X ⊥̸⊥W|Y ∪
SepSet(X,W), and X ⊥̸⊥W|Z,Y ∪ SepSet(X,W), then draw an always-connecting arc for
⟨X,Z,Y⟩−XY.

Proof. IfAZ,Y,W is conditionally-connecting andAX,Y,W is not, thenAX,Y,W is either marginally-
connecting or never-connecting. If AX,Y,W is marginally-connecting or never-connecting, then p1
is blocked conditional on Y. On p2, triplet ⟨Z,Y,W⟩ is active when conditioning on Y. Then, if
X ⊥̸⊥W|Y and X ⊥̸⊥W|Y,Z, then there must be a connecting path and a collider path from X to
Y through Z, and AX,Z,Y must be always-connecting.

AR5: For a shielded triplet ⟨X,Z,Y⟩ with W ◦−◦Y and where {X,Z} and W are not adjacent, if
AZ,Y,W is conditionally-connecting and AX,Y,W is not, Z /∈ SepSet(X,W), and X ⊥̸⊥W|Z ∪
SepSet(X,W), then draw a conditionally-connecting arc for ⟨X,Z,Y⟩−XY.

Proof. IfAZ,Y,W is conditionally-connecting andAX,Y,W is not, thenAX,Y,W is either marginally-
connecting or never-connecting. If AX,Y,W is marginally-connecting or never-connecting, then p1
is blocked conditional on Y. On p2, triplet ⟨Z,Y,W⟩ is active when conditioning on Y. Then,
if X ⊥̸⊥W|Z there must be a collider path (and no connecting path) from X to Y through Z and
AX,Z,Y must be conditionally-connecting.
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AR6: For a shielded triplet ⟨X,Z,Y⟩ with W ◦−◦Y and where {X,Z} and W are not adjacent,
if AZ,Y,W is conditionally-connecting and AX,Y,W is not, and Z ∈ SepSet(X,W), then draw a
marginally-connecting arc for ⟨X,Z,Y⟩−XY.

Proof. IfAZ,Y,W is conditionally-connecting andAX,Y,W is not, thenAX,Y,W is either marginally-
connecting or never-connecting. If AX,Y,W is marginally-connecting or never-connecting, then p1
is blocked conditional on Y. On p2, triplet ⟨Z,Y,W⟩ is active when conditioning on Y. Then, if
X ⊥̸⊥W|Y and X⊥⊥W|Y,Z, then there must be a connecting path (and no collider path) from X
to Y through Z and AX,Z,Y must be marginally-connecting.

AR7: For a shielded triplet ⟨X,Z,Y⟩ with W ◦−◦Y and where {X,Z} and W are not adjacent, if
AZ,Y,W is conditionally-connecting and AX,Y,W is not, then draw a never-connecting arc for any
unmarked ⟨X,Z,Y⟩−XY.

Proof. IfAZ,Y,W is conditionally-connecting andAX,Y,W is not, thenAX,Y,W is either marginally-
connecting or never-connecting. If AX,Y,W is marginally-connecting or never-connecting, then p1
is blocked conditional on Y. On p2, triplet ⟨Z,Y,W⟩ is active when conditioning on Y. Then, if
X⊥⊥W|Y and X⊥⊥W|Y,Z, then there must be no connecting path and no collider path from X
to Y through Z and AX,Z,Y must be never-connecting.

AR8: For a shielded triplet ⟨X,Z,Y⟩ with W ◦−◦ Y and where {X,Z} and W are not ad-
jacent, if AZ,Y,W is marginally-connecting and AX,Y,W is not, Z /∈ SepSet(X,W), X ⊥̸⊥
W|SepSet(X,W) \ Y , and X ⊥̸⊥W|Z∪ SepSet(X,W) \ Y , then draw an always-connecting arc
for ⟨X,Z,Y⟩−XY.

Proof. IfAZ,Y,W is marginally-connecting andAX,Y,W is not, thenAX,Y,W is either conditionally-
connecting or never-connecting. If AX,Y,W is conditionally-connecting or never-connecting, then
p1 is blocked with no conditioning set. On p2, triplet ⟨Z,Y,W⟩ is active with no conditioning set.
Then, if X ⊥̸⊥W and X ⊥̸⊥W|Z, there must be a connecting and a collider path from X to Y through
Z and AX,Z,Y must be always-connecting.

AR9: For a shielded triplet ⟨X,Z,Y⟩ with W ◦−◦Y and where {X,Z} and W are not adjacent,
if AZ,Y,W is marginally-connecting and AX,Y,W is not, Z /∈ SepSet(X,W), and X ⊥̸⊥W|Z ∪
SepSet(X,Y), then draw a conditionally-connecting arc for ⟨X,Z,Y⟩−XY.

Proof. IfAZ,Y,W is marginally-connecting andAX,Y,W is not, thenAX,Y,W is either conditionally-
connecting or never-connecting. If AX,Y,W is conditionally-connecting or never-connecting, then
p1 is blocked with no conditioning set. On p2, triplet ⟨Z,Y,W⟩ is active with no conditioning set.
Then, if X⊥⊥W and X ⊥̸⊥W|Z, there must be a collider path and no connecting path from X to Y
through Z and AX,Z,Y must be conditionally-connecting.

AR10: For a shielded triplet ⟨X,Z,Y⟩ with W ◦−◦Y and where {X,Z} and W are not adjacent,
if AZ,Y,W is marginally-connecting and AX,Y,W is not, and Z ∈ SepSet(X,W), then draw a
marginally-connecting arc for ⟨X,Z,Y⟩−XY.

Proof. IfAZ,Y,W is marginally-connecting andAX,Y,W is not, thenAX,Y,W is either conditionally-
connecting or never-connecting. If AX,Y,W is conditionally-connecting or never-connecting, then
p1 is blocked with no conditioning set. On p2, triplet ⟨Z,Y,W⟩ is active with no conditioning set.
Then, if X ⊥̸⊥W and X ⊥⊥W|Z, there must be a connecting and no collider path from X to Y
through Z and AX,Z,Y must be marginally-connecting.

AR11: For a shielded triplet ⟨X,Z,Y⟩ with W ◦−◦Y and where {X,Z} and W are not adjacent,
if AZ,Y,W is marginally-connecting and AX,Y,W is not, then draw a never-connecting arc for any
unmarked ⟨X,Z,Y⟩−XY.
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Proof. IfAZ,Y,W is marginally-connecting andAX,Y,W is not, thenAX,Y,W is either conditionally-
connecting or never-connecting. If AX,Y,W is conditionally-connecting or never-connecting, then
p1 is blocked with no conditioning set. On p2, triplet ⟨Z,Y,W⟩ is active with no conditioning set.
Then, if X ⊥⊥W and X ⊥⊥W|Z, there must be no connecting and no collider path from X to Y
through Z and AX,Z,Y must be never-connecting.

AR12: If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V where Q is the set of all nodes
between X and V, if X ⊥̸⊥Y|Q and X ⊥̸⊥Y|Q,V, AW,V,Y−WY is always-connecting.

Proof. If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V, then conditioning on all nodes Q
between X and V on p blocks all paths ⟨X,Qi,Y⟩∀Qi ∈ Q and opens path ⟨X, ...,W,V⟩. If
X ⊥̸⊥Y|Q and X ⊥̸⊥Y|Q,V, then there must be a connecting path and a collider path from W to Y
through V and AW,V,Y−WY must be always-connecting.

AR13: If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V where Q is the set of all nodes
between X and V, if X⊥⊥Y|Q and X ⊥̸⊥Y|Q,V, AW,V,Y−WY is marginally-connecting.

Proof. If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V, then conditioning on all nodes Q
between X and V on p blocks all paths ⟨X,Qi,Y⟩∀Qi ∈ Q and opens path ⟨X, ...,W,V⟩. If
X ⊥̸⊥Y|Q and X⊥⊥Y|Q,V, then there must be a connecting path and no collider path from W to
Y through V and AW,V,Y−WY must be marginally-connecting.

AR14: If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V where Q is the set of all nodes
between X and V, if X⊥⊥Y|Q and X ⊥̸⊥Y|Q,V, AW,V,Y−WY is conditionally-connecting.

Proof. If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V, then conditioning on all nodes Q
between X and V on p blocks all paths ⟨X,Qi,Y⟩∀Qi ∈ Q and opens path ⟨X, ...,W,V⟩. If
X⊥⊥Y|Q and X ⊥̸⊥Y|Q,V, then there must be no connecting path and a collider path from W to
Y through V and AW,V,Y−WY must be conditionally-connecting.

AR15: If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V where Q is the set of all nodes
between X and V, if X⊥⊥Y|Q and X⊥⊥Y|Q,V, AW,V,Y−WY is never-connecting.

Proof. If p = ⟨X, ...,W,V,Y⟩ is a discriminating path for V, then conditioning on all nodes Q
between X and V on p blocks all paths ⟨X,Qi,Y⟩∀Qi ∈ Q and opens path ⟨X, ...,W,V⟩. If
X⊥⊥Y|Q and X⊥⊥Y|Q,V, then there must be no connecting path and no collider path from W to
Y through V and AW,V,Y−WY must be never-connecting.

We then prove that when none of the independence arc determination rules applies, it is not possible
to determine the independence arc for the manipulated unshielded triplet.

Proof. There are three component manipulated unshielded triplets in a shielded triplet. In isolation,
it is impossible to determine the arcs for the shielded triplet. However, with at least one additional
node connected to the structure, we can leverage a path over four or more nodes to determine the
arc in some cases. Consider a shielded triplet ⟨X,Z,Y⟩ with W adjacent to Y and not adjacent
to Z or X. Let p1 = ⟨X,Y,W⟩ and let p2 = ⟨X,Z,Y,W⟩ If AZ,Y,W is never-connecting,
then, whether AX,Z,Y is marginally-connecting, conditionally-connecting, or never-connecting, p2
will always be inactive. Therefore AZ,Y,W cannot be determined. If AZ,Y,W and AX,Y,W are
conditionally-connecting, then to isolate p2, Y should not be conditioned on so that p1 is inactive,
but then p2 will also be blocked. If AZ,Y,W and AX,Y,W are marginally-connecting, then to isolate
p2, Y needs to be conditioned on to block p1, but then p2 will also be blocked. Whether AX,Z,Y is
marginally-connecting, conditionally-connecting, or never-connecting, p2 will always be inactive.
Therefore AX,Z,Y−XY cannot be determined.

The discriminating path follows a structure corresponding to AZ,Y,W being marginally-connecting
and AX,Y,W being conditionally-connecting. With this structure, AZ,X,Y−ZY can be determined. If
AX,Y,W (or any analogous triplets on the discriminating path) is not conditionally-connecting, or
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AZ,Y,W (or any analogous triplets on the discriminating path) is not marginally-connecting, then
AZ,X,Y−ZY cannot be determined.

AX,Y,Z−ZX can never be determined in this context because there is no simple path between X and
Z beyond the shielded triplet.

Next we show the proof for the soundness of each orientation rule.

R0: For a triplet ⟨X,Z,Y⟩, if AX,Z,Y is conditionally-connecting, and |Z| = 1, then orient the
triplet as X ∗−→ Z←−∗Y.

Proof. The proof follows directly from remark D.2.

R1: If X ∗−→ Z ◦−∗ Y, X and Y are not adjacent, and AX,Z,Y is marginally-connecting or
always-connecting, then orient the triplet as X ∗−→ Z→ Y.

Proof. The proof follows directly from remark D.1.

R2: If X→ Z ∗−→ Y or X ∗−→ Z→ Y and X ∗−◦Y, then orient X ∗−◦Y as X ∗−→ Y.

Proof. The soundness of the rule comes from observing that if X←−∗Y, a cycle or almost-directed
cycle over clusters would be induced violating the properties of αC-MAGs and αC-PAGs, and
violating the admissible partition criteria for the underlying αC-DAG.

R3: If X ∗−→ Z ←−∗Y, X ∗−◦W ◦−∗Y, X and Y are not adjacent, W ∗−◦ Z, and AX,W,Y is
marginally-connecting, then orient W ∗−◦ Z as W ∗−→ Z.

Proof. The soundness of the rule comes from observing that if W←−∗Z, then by two applications of
rule 2, Y∗−→W, X∗−→W, there would be a collider at W. SinceAX,W,Y is marginally-connecting,
there is a contradiction by remark D.1.

R4: If X◦−◦Z◦−◦Y and X←−◦Y andAX,Z,Y−XY is marginally-connecting or always-connecting,
and orient X ◦−◦ Z as X←−∗ Z.

Proof. If X◦−◦Z were oriented as X→ Z, then, due to the independence arc, X must be an ancestor
of Y and there would be a contradiction. Therefore, it must be that X←−∗ Z.

R5: If X ∗−∗Z ∗−∗Y, Z−W, X and W are not adjacent, Y and W are not adjacent, and AX,Z,Y

is never-connecting or conditionally-connecting with connection mark ⊕D such that W ∈ D, then
orient Z−W as Z→W.

Proof. The soundness of the rule comes from the definition of a connection mark, ⊕D, where any
cluster W ∈ D must be a descendant of a collider, such that Z→W.

R6: If X→ Z→ Y, X ◦−→ Y, and AX,Z,Y−XY is marginally-connecting or always-connecting,
orient X ◦−→ Y as X→ Y.

Proof. If AX,Z,Y−XY is marginally-connecting or always-connecting, then X is a true ancestor of
Y, so if X ◦−→ Y were oriented as X↔ Y there would be a contradiction.

R7: If X ◦−→ Y, p = ⟨X,Z,W, ...Y⟩ is an uncovered partially directed path from X to Y such
that Y and Z are not adjacent, and AZ,X,Y is marginally-connecting, orient X ◦−→ Y as X→ Y.

Proof. By definition of an uncovered possibly directed path, there can be no collider along path
p. Then either the path is directed from X to Y such that X ∈ An(Y) and so X → Y, or
X /∈ An(Y) and there is an arrowhead into X so X→ Y to avoid a collider that would contradict
the independence arc.
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R8: Suppose X ◦−→ Y, Z→ Y ←W, p1 is an uncovered possibly directed path from X to Z, and
p2 is an uncovered possibly directed path from X to W. Let V be the vertex adjacent to X on p1
(V could be Z) and T be the vertex adjacent to X on p2 (T could be W). If V and Z (T and W)
are distinct, let AV,Z,Y (AT,W,Y) be marginally-connecting with no separation mark subscripted
by a variable on p1 (p2). If V and T are distinct and not adjacent, and AT,X,Y and AV,X,Y are
marginally-connecting or always-connecting, then orient X ◦−→ Y as X→ Y.

Proof. If the edges between either V and X or T and X are oriented with arrowheads into X, then
there would be a collider structure that would contradict the marginally- or always-connecting arc of
AT,X,Y or AV,X,Y. If neither edge is into X, then X is a definite ancestor of Y, so X→ Y.
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