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Abstract

The study of causal abstractions bridges two inte-
gral components of human intelligence: the abil-
ity to determine cause and effect, and the abil-
ity to interpret complex patterns into abstract
concepts. Formally, causal abstraction frame-
works define connections between complicated
low-level causal models and simple high-level
ones. One major limitation of most existing def-
initions is that they are not well-defined when
considering lossy abstraction functions in which
multiple low-level interventions can have differ-
ent effects while mapping to the same high-level
intervention (an assumption called the abstract
invariance condition). In this paper, we introduce
a new type of abstractions called projected ab-
stractions that generalize existing definitions to
accommodate lossy representations. We show
how to construct a projected abstraction from the
low-level model and how it translates equivalent
observational, interventional, and counterfactual
causal queries from low to high-level. Given that
the true model is rarely available in practice we
prove a new graphical criteria for identifying and
estimating high-level causal queries from limited
low-level data. Finally, we experimentally show
the effectiveness of projected abstraction models
in high-dimensional image settings.

1. Introduction

The ability to determine cause and effect, and the ability
to interpret complex patterns into abstract concepts, are
two integral components of human intelligence. From the
causality perspective, causal reasoning is vital in planning
courses of actions, determining blame and responsibility,
and generalizing across changing environments. From the
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abstraction perspective, humans generally grasp better in-
tuition when understanding something at a high-level. For
example, a human can easily parse the object in an image
as a dog or a car instead of interpreting it as a collection of
pixel values. Combining these two modes of reasoning is
vital for building more advanced Al systems.

Causal inference is often studied under the semantics of
structural causal models (SCMs) (Pearl, 2000). An SCM
models reality with a collection of mechanisms and exoge-
nous distributions. Each SCM induces a collection of distri-
butions categorized into three successively more descriptive
layers known as the Ladder of Causation or Pearl Causal Hi-
erarchy (PCH) (Pearl & Mackenzie, 2018; Bareinboim et al.,
2022). These three layers refer to the observational (L1),
interventional (L3), and counterfactual (L3) distributions.
In many causal inference tasks, the goal is to infer a quantity
from a higher layer using data from lower layers, a problem
known as cross-layer inference. It is understood that it is
generally impossible to infer higher layer information with-
out additional assumptions (a result known as the Causal
Hierarchy Theorem or CHT (Bareinboim et al., 2022)), so
understanding the necessary assumptions for performing
inferences is a key component of any causal inference task.

Existing works on causal abstractions have made significant
progress in defining abstraction principles, proving insight-
ful properties, and learning abstraction functions in practice
(Rubenstein et al., 2017; Beckers & Halpern, 2019; Beckers
et al., 2019; Geiger et al., 2023; Massidda et al., 2023; Zen-
naro et al., 2023; Felekis et al., 2024). Causal abstractions
are typically studied by comparing a high-level model M g,
defined over high-level variables Vg, with its low-level
counterpart M, defined over V1. An abstraction function
7 maps from V to Vg, and Mg is formally defined as
an abstraction of M, if it satisfies key properties with re-
spect to 7 such as commutativity with interventions. More
recently, this notion has been relaxed to only enforcing prop-
erties between distributions of M g and M, from the PCH
(Xia & Bareinboim, 2024). For example, rather than saying
My is a full abstraction of My, one can say that M g is an
abstraction of M, specifically for interventional quantities
in Lo or for a single causal effect P(y | do(x)) € Lo. Xia &
Bareinboim (2024) also shows the synergy between causal
abstraction theory and representation learning (Bengio et al.,
2013), which has shown great success in many deep learning
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applications by mapping high-dimensional data like images
or text to simpler representation spaces. These definitions of
causal abstractions have accomplished formalizing a broad
topic of human intelligence into mathematical language.

One particular limitation of existing definitions of abstrac-
tions is known as the Abstract Invariance Condition (AIC),
which states, informally, that two values cannot be ab-
stracted together if they have different downstream impacts.
This is illustrated in Fig. 1. For example, a nutritionist may
have collected data on two types of cholesterol, HDL and
LDL, and are studying their impact on heart disease (Stein-
berg, 2007; Truswell, 2010). They would like to abstract
the two together by summing them as total cholesterol (TC).
However, this violates the AIC, as it is known that HDL
decreases rate of heart disease while LDL increases it, so
the sum is ambiguous (a lossy representation).! Nonethe-
less, it may still be desirable to have a consistent formalism
in which these kinds of ambiguous abstractions are well-
defined, since in many practical settings (where represen-
tation learning or dimensionality reduction is needed), the
AIC is clearly violated or is impossible to verify.

In this paper, we study this extension of causal abstractions,
which we later define as projected abstractions, referring
to the idea that an abstraction that violates the AIC results
in a loss of information that is then characterized in the
exogenous space. The proposed formalism generalizes ab-
stractions both on the SCM and on the PCH level to allow
for mathematically consistent abstractions even with AIC
violations. Projected abstractions have many uses in prac-
tice, resulting in tractable causal inference and high-quality
causal sampling even in the presence of extreme dimension-
ality reduction, a result which we show in the experiments.

To summarize, in Sec. 2, we generalize abstractions to set-
tings which the AIC does not hold and provide an algorithm
for constructing the high-level model. In Sec. 3, we show
how to perform causal inference from data within this class
of abstractions when the true model is not observed. In
Sec. 4, we empirically demonstrate the power of abstrac-
tions at performing causal inference in high-dimensional
image settings. All proofs can be found in App. A.

1.1. Preliminaries

We now introduce the notation and definitions used through-
out the paper. We use uppercase letters (X) to denote
random variables and lowercase letters () to denote cor-
responding values. Similarly, bold uppercase (X) and
lowercase (x) letters denote sets of random variables and
values respectively. We use Dy to denote the domain
of X and Dx = Dx, X --- x Dy, for the domain of
X ={Xy,...,Xi}. We denote P(X = x) (often short-

'See App. C Ex. 6 for a more concrete explanation.

M g iz

My

X < x;
\
X «x,

‘/”L[xz] | M by,

Figure 1: An illustration of AIC violations. On the low level,
two different interventions may be performed (e.g., X < x;
and X <« x3). However, after applying the abstraction
function 7 to obtain the high-level model, both interventions
are mapped to the same result (7(x;) = 7(x2) = xp). If
M, behaves differently under x; compared to xs, Mg
cannot stay consistent with both models.

ened to P(x)) as the probability of X taking the values x
under the distribution P(X).

We utilize the basic semantic framework of structural causal
models (SCMs) (Pearl, 2000), following the presentation in
Bareinboim et al. (2022).

Definition 1 (Structural Causal Model (SCM)). An SCM
M is a 4-tuple (U, V, F, P(U)), where U is a set of ex-
ogenous variables (or “latents”) that are determined by fac-
tors outside the model; V is a set {V1, Va,...,V,} of (en-
dogenous) variables of interest that are determined by other
variables in the model — that is, in U U V; F is a set of
functions { fv;, f,, - - ., fv,, } such that each fy, is a map-
ping from (the respective domains of) Uy, U Pay, to V,
where Uy, C U, Pay, C V \ V,, and the entire set F
forms a mapping from U to V. Thatis, fori =1,...,n,
each fy, € Fissuch that v; < fy,(pay,,uy;); and P(U)
is a probability function defined over the domain of U. W

Each M induces a causal diagram G, where every V; € V
is a vertex, there is a directed arrow (V; — V;) for every
Vi € V and V; € Pay,, and there is a dashed-bidirected
arrow (V; «----+V;) for every pair V;, V; € V such that
Uy, and Uy, are not independent (Markovianity is not
assumed). Our treatment is constrained to recursive SCMs,
which implies acyclic causal diagrams, with finite discrete
domains over endogenous variables V.

Counterfactual (and also interventional and observational)
quantities can be computed from SCM M as follows:
Definition 2 (Layer 3 Valuation (Bareinboim et al., 2022,
Def. 7)). An SCM M induces layer £3(M), a set of
distributions over V, each with the form P(Y.) =
P(Yl[xl] R Y2[X2] ) such that

oo

PM(¥1pa]s Yolxa)s - - -) = )]

/ 1 [Yipey () = y1, Yap(0) = yo, ... ] dP(w)

18)

where Y[x,)(u) is evaluated under Fy, := {fy, : V; €
VA X JU{fx + 2: X € X;}. Ly is the subset of L3 for
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which all x; are equal, and £; is the subset for which all
X; =0. [ |

Each Y, corresponds to a set of variables in a world where
the original mechanisms fx are replaced with constants
x; for each X € X;; this is also known as the mutilation
procedure. This procedure corresponds to interventions,
and we use subscripts to denote the intervening variables
(e.g. Yx) or subscripts with brackets when the variables
are indexed (e.g. Y[x,)). For instance, P(y.,¥,,) is the
probability of the joint counterfactual event Y = y had X
been x and Y = ¢’ had X been z’.

We use the notation £;(M) to denote the set of £; dis-
tributions from M. We use Z to denote a set of quanti-
ties from Layer 2 (i.e. Z = {P(Vy,)}i_,), and Z(M)
denotes those same quantities induced by SCM M (i.e.
Z(M) = {PM(V,,)}o)).

The theory of causal abstractions developed in this paper
build on the foundations of constructive abstraction func-
tions, under which individual distributions of the PCH are
well-defined between low and high-level models.

Definition 3 (Inter/Intravariable Clusterings (Xia & Barein-
boim, 2024, Def. 5)). Let M be an SCM over V.

1. A set C is said to be an intervariable clustering of V if
C ={Cy,Cs,...C,} is a partition of a subset of V.
C is further considered admissible w.r.t. M if for any
C,; € Cand any V € C,, no descendent of V' outside
of C; is an ancestor of any variable in C;. That is,
there exists a topological ordering of the clusters of C
relative to the functions of M.

2. A set D is said to be an intravariable clustering of
variables V w.r.t. Cif D = {Dg, : C; € C}, where
Dc, = {Dg,,Dg,;---, D&} is a partition (of size
m;) of the domains of the variables in C;, D¢, (recall
that D, is the Cartesian product Dy, x Dy, X - -+ X
Dy, for C; = {V1,Va,...,Vi}, so elements of DJQ
take the form of tuples of the value settings of C;). B

Definition 4 (Constructive Abstraction Function (Xia &
Bareinboim, 2024, Def. 6)). A function 7 : Dy, — Dv
is said to be a constructive abstraction function w.r.t. in-
ter/intravariable clusters C and DD iff

1. There exists a bijective mapping between V i and C
such that each V ; € Vi corresponds to C; € C;

2. For each Vg ; € V g, there exists a bijective mapping
between Dy, ; and D¢, such that each U%Li € Dyy,

corresponds to DéL € D¢,; and

3. 7 is composed of subfunctions ¢, for each C; € C
such that vy = 7(vy) = (7¢,(¢;) : C; € C), where

70,(c;) = v}“ ifand only if ¢; € chi. We also apply
the same notation for any Wy C V, such that W,
is a union of clusters in C (i.e. 7(wr) = (7¢,(c;) :
C,; € (C, C,; C WL>) |

Finally, we state the AIC formally below.

Definition 5 (Abstract Invariance Condition (AIC)). Let
My = (UL, V,Fr,P(UL)) be an SCM and 7
Dv, — Dy, be a constructive abstraction function rel-
ative to C and D. The SCM M is said to satisfy the
abstract invariance condition (AIC, for short) with respect
to 7 if, for all vi,vo € Dy, such that 7(vy) = 7(v3),
VYu € Dy, , C; € C, the following holds:

TC, ((f‘e(pag),uv) Ve CZ>>

o (e vea)),

where pa%} ) and pag ) are the values corresponding to vy

and vy. Then, pay, is used to denote any arbitrary value
P 2
s.t. 7(pay ) = T(pag/)) = T(paﬁ,)). |

2. Abstractions under AIC Violations

The abstract invariance condition (AIC) states, in words,
that two low-level values cannot map to the same high-level
value if they have different downstream effects. This is a
critical property that must hold for existing definitions of
abstractions to be well-defined. In this paper, we will use
the following running example to illustrate the key points.

Example 1. For concreteness, consider a setting in which
different insurance companies (Z) offer various insurance
plans (X), which affect whether an insurance claim is
approved (Y). For simplicity, suppose there are two in-
surance companies (z1 and z9) that offer three insurance
plans (x1, =2, and x3), and the claim is either approved
(Y =1) or not approved (Y = 0). Suppose the true model
M* =My ={(UL,Vy, Fr,P(UL)) is described as

UL = {UZ7 U)Z(lv U}Z(z? U}‘el’ U$2?U$3}

VL:{Z,X,Y}
f5(uz) =uzy

Fr= f)%(z,uig,u?) =u% 3)
f (@, ush u? uy?) - =g
P(Uy = 2) =05

PUZ)={21—0.4;20—0.1;23—0.5}
P(UZ)={z1—0.1;20—0.4;23—0.5}
PUyt =1)=0.9,P(Uy? =1)=0.1,
PUy* =1)=0.9

P(UL)=

The interpretation of the model is as follows: Insurance
plans z; and x3 are very effective, with 0.9 probability of
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claim acceptance, while x5 is very ineffective at only 0.1
probability. Insurance company z; is more reputable than z,
and is more likely to offer plan z; over x5, while company
zo prefers to offer plan x5 over x;.

Suppose an important factor of consideration not shown
in the model is that 1 and x5 are cheaper insurance plans,
while 3 is more expensive. A data scientist who is studying
this model may choose to abstract the different plans away,
categorizing them simply as “cheap” and “expensive” plans.
Formally, they would study a set of higher-level variables
VH = {ZH, XH, YH}, where ZH = Z, YH = Y, and XH
has a domain Dx,, = {z¢,zg} corresponding to cheap
and expensive plans respectively. There exists an abstraction
function 7 : Dy, — Dy, such that 7 maps x; and x5 to
z¢ (cheap) and maps x3 to x g (expensive). We will use the
notation Z and Y instead of Z g and Yy since the variables
are the same.

This immediately brings the AIC into question. If the data
scientist is interested in the causal effect of cheap plans
on claim acceptance (i.e., P(Yx, =z, = 1)), whether z¢
refers to 1 or o is ambiguous. To witness, note that

P(Yx,—a, =1)=10.9 4)
P(Yx, -2, =1)=0.1. )

Since 7(x1) = 7(x2) = zc, but P(Yy,) # P(Y,,), the
AIC is clearly violated, leaving the intervention on x¢ am-
biguous. |

Fundamentally, the issue with AIC violations is clear: for-
mal definitions of abstractions expect an equality between
low-level and corresponding high-level quantities, but it is
not well-defined when one high-level quantity corresponds
to multiple differing low-level quantities. In practice, the
AIC can be a difficult restriction. Generally, it is assumed to
be true whenever abstractions are applied, but it is difficult
to verify given that the true SCM and functions are rarely
available in real-world settings. The assumption is also
likely to be incorrect when applying abstractions naively,
for example, by performing representation learning or di-
mensionality reduction without taking the AIC into account.
By definition, dimensionality reduction is a lossy transfor-
mation of the original data, and the AIC is violated if any of
the lost information is relevant for downstream functions.

Even when the AIC does not hold, it does not necessarily
mean that these lossy transformations should not be used.
Representation learning and dimensionality reduction are
often performed to improve tractability or interpretability
at the cost of some lost information. Hence, it would still
be desirable to perform causal inferences in the high-level
space even under AIC violations. To address the issue of
different low-level quantities matching the same high-level
quantity, one can reinterpret the high-level quantity as a dis-
tribution over its corresponding low-level quantities, where

Figure 2: Comparison between (a) full SCM projections
and (b) partial SCM projections. When X is fully projected
away, its function is subsumed by its child’s function fy .
When X is partially projected, it is split into observed por-
tion X and unobserved portion X“. The role of X? is
preserved, while X™ is subsumed into the function fy .

the randomness in the distribution results from the lost infor-
mation from the abstraction (i.e., a hard intervention on the
high-level translates to a soft intervention on the low-level).

2.1. Projected Abstractions

The discussion on relaxing the AIC begins with the concept
of SCM projections (Lee & Bareinboim, 2019), which can
be viewed as a primitive form of abstraction. An SCM M
projected to a subset of variables W C V is a function-
ally identical SCM defined over W, where the functions of
'V \ W are subsumed by other downstream functions (see
App. A Def. 4 for the full definition and App. C Ex. 7 for
an example). In the context of constructive abstraction func-
tions, the act of projecting away a variable can be viewed as
excluding the variable from all intervariable clusters. This
brings the first major insight in addressing AIC violations.
In general, when reducing the granularity of a variable, some
parts of the variable deemed less important are abstracted
away while others are retained. While by definition, SCM
projections only allow for entire variables to be included or
excluded, one could conceive of SCM projections in which
variables are only partially projected away (see App. C Ex. 8
for an example). Formally, partial SCM projections can be
defined as follows.

Proposition 1 (Partial SCM Projection). Let 'V be a set of
variables and W C V be a subset. For each W; € W,
let 6; : DW;’ X DW;U — Dyw, be a surjective function
mapping new variables W and W7 to W;. W? and W}
are called the observed and unobserved projections of W;
respectively. Denote §(W°, W") = W, where W° =
{We : W, € W} and WY = {W» : W; € W}. For
any SCM M = (U, V,F, P(U)), there exists an SCM
M = (U =UUW*“ V' =W° F' P(U")) such that,
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forallu € Dy, X C'W, and x € Dx,
W)O( = Mix"](uvxuvzu)a (6)

where (w2, w¥) = Wi (u), 6(x°,x%) = x, Z* = W\
X", and z* are the corresponding values from w. M’ is
called a partial SCM projection of M over W°. |

In words, a partial SCM projection of M over W? is essen-
tially a smaller version of M defined only on the variables
of W C V, where each W; € W is only partially repre-
sented in the projection. A function § splits W;’s domain
into its observed (17/;°) and unobserved (I¥;*) portions. Eq. 6
ensures that any value of W? obtained from an intervention
on the original SCM My will match the corresponding out-
put from M’, when the observed portion of the intervention
x©° is applied to M’, while the unobserved portions of x*
and w" are passed as unobserved arguments to the func-
tions. A comparison between regular SCM projections and
partial SCM projections is shown in Fig. 2. The definition
of projected abstractions follow.

Definition 6 (Projected Abstraction). An SCM My is a
projected abstraction of M, if and only if it is a partial
SCM projection of a T-abstraction (Beckers & Halpern,
2019, Def. 3.13) of M. ]

Projected abstractions make an important step to working
around the AIC as Eq. 6 allows for quantities to be well-
defined between low and high-level variables by simply
obtaining a partial projection of the original SCM M, over
the high-level variables V. However, unlike full SCM
projections, partial SCM projections are not unique in terms
of the induced PCH distributions. Prop. 1 guarantees its
existence but is underspecified in a couple of ways. First,
P(U’) is not fully defined, and it is not clear how W™
should be sampled. Second, Eq. 6 does not specify what
behavior M’ should follow when z* does not match w.

The specific choice of partial SCM projection that best
serves as an abstraction can be determined by understand-
ing how low-level interventions relate to high-level inter-
ventions. In other words, given a high-level intervention
Xy < xp, it is important to define the corresponding low-
level soft-intervention ox, , which is a distribution over all
possible interventions x, that map to xz;. The consequence
of the underspecification of partial SCM projections is that
there are many possible choices of defining ox, . For a full
discussion on how ox, should be decided, see App. B. A
useful general form of ox , is defined as follows. Split ox
into individual soft interventions oc, for each intervariable
cluster C; C X . Then define each o, as

P(oc, =c¢;) = P(c; | 7(c;) = UH,iapaVHTiau%H,i)' (7

In words, a high-level intervention should be equivalent to a
distribution over the corresponding low-level interventions

that assigns probability to each possible intervention based
on their prior probabilities given their parents.”

Example 2. Continuing Example 1, suppose the data scien-
tist is interested in the causal effect of choosing a cheap
insurance plan on claim approval. In other words, she
would like to study the intervention Xy < z¢, which
is ambiguous on the low-level as it could refer to either
Xp < x1 or X < x2. More specifically, according to
Eq. 7, Xg < x¢ corresponds to a soft intervention ox,,
on the low level, defined as

gl
OxX;, = "
2

While there are many ways to disambiguate whether x¢ is
referring to z; or w9, this choice of o x, will assign proba-
bilities based on the prior probabilities of X, being one of
1 or 9. Moreover, the probabilities change depending on
the value of z. This makes intuitive sense, since under the
intervention Xy < x¢, we expect that if Z = 2, then X,
is more likely to be x; than x5, or vice-versa when Z = z.
From a query perspective, this implies that

P(YXH:IC =1 | Z = Zl) 9
= P(YUXL(IC7Z) = 1 | Z = 21)
=3 Plai | Xp € {1, 20}, 20) P(Ya, =1) = 0.74

z;€{z1,x2}

Likewise, P(Yx,—pe = 1| Z = 25) = 0.26 (10)
|

w.p. P(x1 | X1 € {x1,22},2)

8
W.p. P(IQ | XL S {1’171’2},7«') ( )

While projected abstractions are defined over the entire
SCM, the mapping between low and high-level interven-
tions are more clear at the query-level (i.e., individual inter-
ventional and counterfactual distributions of interest). Such
quantities can be defined as follows.

Definition 7 (Generalized Query). Denote Y, , as a set of
counterfactual variables over V. That is,

Yoo = (Yoo, 1 Yoo, o) (D)

where each Y Liilox, ,] corresponds to the potential out-
comes of the variables Y 1,,; under the (possibly soft) in-
tervention ox, , over X ;. Each Y ; and X ; must be
unions of clusters from C (i.e. Y ; = g C for some
C’ C €) such that 7(Y, ;) and 7(X ;) are well-defined
(i.e. 7(YL,i) = (Agee 7¢(C))). For the high-level coun-
terpart, denote
Yo =7Yr) = (Yoime.) Ya 20020 --)» (12)
’Here, uy,, . can informally be thought of as the confounded
exogenous parents of Vg ;. The full definition is somewhat in-
volved, and the subtleties are discussed in App. B.2. Due to space

constraints, the main body provides intuition in Markovian settings,
where unobserved confounding is not present.
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such that Yy ; = 7(Y ), and X ; = 7(Xy ;) for all ¢.
For any value yg » € Dy Hows denote

Dy, .(Yux) ={YLx YL+ €Dy, ., T(YLx) = YH )
(13)
that is, the set of all values y, . such that T(yL,*) =YHx

This query definition connects the distributions of L£3(M g)
to corresponding distributions of L£3(M ). Compared
to earlier definitions, Eq. 11 has been generalized to ac-
count for soft interventions in addition to hard interven-
tions. Under constructive abstractions functions 7, a no-
tion of Q-7 consistency was established for certain queries
Q € L3(My) (App. A Def. 13), which still apply under
this generalized definition. In short, for a low level query
Q = ZYLQ«G,DYLY*()’H,*) P(Yp . = yL,») and its high-
level counterpart 7(Q) = P(Y g« = Ym,+), My is said to
be Q-7 consistent with M, if QM* = 7(Q)™#. One can
then say that M g is an abstraction of M, specifically for
the query @, even if M gy may not be QQ’'-7 consistent with
M, for other query choices Q'. If My is Q-7 consistent
with M, for all 7(Q) € L;(Mp), then My is said to be
L;-T consistent with M.

With ox, , defined in Eq. 7, one can then algorithmically
construct a projected abstraction consistent in all queries.
Given M, and a constructive abstraction function 7 (which
may not satisfy the AIC), Alg. 1 can be used to construct the
high-level abstraction M g. In line 4, each W € V, is split
into its observed and unobserved counterparts W and W*.
Line 8 assigns each W a distribution based on Eq. 7. Line
9 builds the high-level function using the low-level function
with inputs reconstructed using §. Finally, the full high-level
model Mg is assembled and returned in line 10. Under
these inputs, Alg. 1 constructs a projected abstraction M g
that is Q-7 consistent with M, for all possible high-level
L3 queries, as shown by the following result.

Theorem 1. The SCM My constructed by Alg. 1 is a
projected abstraction of My, that is Q-1 consistent with

My, for all T(Q) S Eg(MH). ]

3. Projected Abstraction Inference

Alg. 1 finds an abstraction model Mg that is consistent
with its low-level counterpart M, for all queries, but it
requires the full specification of M. In practice, My,
typically represents the true model of reality and will not be
observed. Inferences of £, and L3 queries must be made
through limited available data, usually observational (£1).

The Causal Hierarchy Theorem (Bareinboim et al., 2022,
Thm. 1) states that cross-layer inference, or inferring higher
layer quantities (e.g., L2, L£3) from lower layer data (e.g.,
L4), is generally impossible without additional assumptions.

Algorithm 1 Constructing M g from M.

input My = (U, Vy,Fr, P(UL)), constructive abstraction
function 7 from clusters C and D

Uy «— UL7P(UH) — P(UL)

Vg C,DVH +~D

: for W e Vi do

W, W*" « project(W) {from Prop. 1}

Uy + Uy u {Wu}

: end for

: for C; € C (and corresponding V; € V) do

P(5(c?,Cf) = ¢i | Ur) + P(Ci = ¢ | 7(ci) =

v;, pay;, uy,, ;) {from Eq. 7}

0 fI < r(fE(5(pay,pal), uy) : V € Cy)

10: end for

11: Fg « {f.L-H :C; € (C}

12: return My = (Uy,Vu, Fu, P(Ug))

Many such assumptions take the form of a graphical model,
such as a causal diagram (Pearl, 1995), which imply con-
straints between causal distributions from causal (Barein-
boim et al., 2022) and counterfactual Bayesian networks
(Correa & Bareinboim, 2024). In the context of abstractions,
when 7 is a constructive abstraction function that satisfies
the AIC, it has been shown that one can avoid assuming the
entire causal diagram of the low-level model in favor of a
cluster causal diagram (C-DAG) (Anand et al., 2023) w.r.t.
the intervariable clusters C. Unfortunately, this graphical
model is insufficient for the case when the AIC is violated.

Proposition 2 (C-DAG Insufficiency (Informal)). For a con-
structive abstraction function T over intervariable clusters
C in which the AIC does not hold, the C-DAG G¢ implies
constraints that may be unsound. |

To witness why this is the case, Fig. 2(b) shows the issue
clearly. Attempting an abstraction in violation of the AIC
is akin to performing a partial SCM projection, which may
introduce new dependencies between SCM functions, there-
fore implying new edges in the graph. Ex. 2 explains this
dependence numerically. Since no variables are clustered
together in the example, both the original causal diagram G
and the C-DAG G are represented by the top graph in Fig. 3.
However, this graph implies that P(Y,,, | z2) = P(Yy,).
Evidently, this is not true since Eq. 9 is not equal to Eq. 10.
As hinted by the construction in Alg. 1, the high-level func-
tion f{ requires some additional information from Z to
decide between interpreting x¢ as x; or xs. This informa-
tion adds a dependence from Z to the function of f{f , which
requires adding a directed edge from Z to Y.

While the original C-DAG construction is not valid for pro-
jected abstraction inferences, one can use a modified version
that adds the new required dependencies into the C-DAG.

Definition 8 (Partially Projected C-DAG). Let7 : Dy, —
Dy, be a constructive abstraction function w.r.t. intervari-
able clusters C and intravariable clusters D. Let Gc =
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(Vi,Ec) be a C-DAG (with nodes Vg and edges E¢),
of graph G w.r.t. C. Let V}{ C Vg be the set of AIC
violation variables (App. A Def. 16). Then, construct
Gl = (Vi,EL) as follows. Start by setting E. « Ec.
Then apply the following rules for all X € VL.

(DIfZ — X — Y in Ec, then add Z — Y into E[..

@ If Z<-»X — Y in E¢, then add Z <-> Y and
X <-» Yinto Ef.

BIfZ+ X —Y inEg,thenadd Z < -» YintoEg:.
Repeat iteratively to accommodate new edges.’ Q(E is called
the partially projected C-DAG of G w.r.t. C and VL. |

The steps correspond to the intuition discussed earlier—when
performing a partial projection, parts of the variables in VL
are projected into the exogenous space, resulting in addi-
tional dependences that require additional edge connections.
Examples of C-DAGs and their corresponding projected
C-DAGs are shown in Fig. 3. In the figure, rows (a), (b), and
(c) correspond to examples of steps 1, 2, 3 respectively. It
turns out that this new definition is precisely what is needed
for abstraction inference in the absence of the AIC.

Theorem 2 (Projected C-DAG Sufficiency and Necessity
(Informal)). Let M, be an SCM over variables Vi, T :
Dv, — Dv, be a constructive abstraction function w.r.t.
clusters C and D, and VL be the AIC violation set. The
partially projected C-DAG Qg: w.rt. C and VfH completely
describes all constraints over V g. |

In other words, the projected C-DAG provides exactly the
constraints necessary to solve the task of performing causal
inferences across abstractions, even when the AIC is vio-
lated. In particular, certain interventional and counterfac-
tual distributions may be inferrable from a combination of
the projected C-DAG Q(Jé and the available datasets from
M. Determining precisely which queries can be inferred
is known as the identification problem, which is defined
below in the context of abstract identification.

Definition 9 (Abstract Identification (General)). Let 7 :
Dv,; — Dy, be a constructive abstraction function. Con-
sider projected C-DAG gé, andlet Z = {P(Vp5) s
be a collection of available interventional (or observational
if Z;, = () distributions over V. Let 7, and Qp be the
space of SCMs defined over V1, and V g, respectively, and
let Qp, (gé) and Qg (gé) be their corresponding subsets that
induce Qé. A query ( is said to be 7-ID from g:é and Z iff
for every My, € QL(QJ:), Mg € QH(QJ:) such that M g
is Z-1 consistent with M, My is also Q-7 consistent
with M. [ |

In words, a query @ is considered 7-ID if, for any pair of
models M, and M g such that both are compatible with

3Procedure can be applied algorithmically in one pass by ap-
plying all rules for each node in VL in topological order.

Figure 3: Examples of C-DAGs (left) and their correspond-
ing projected C-DAGs (right), with AIC violation variables
VL outlined in red.

Q(T: and Z, they also match in @. In contrast, () is not 7-ID if
there exist My and M g that are compatible with both Q(T:
and Z but disagree on Q (i.e., QM* # 7(Q)M#). Abstract
identification may seem like a difficult property to check,
but it turns out that there is a natural connection with the
classical identification problem, as shown below.

Theorem 3 (Dual Abstract ID (General)). Consider a coun-
terfactual query @) over Vi, a constructive abstraction
function T w.r.t. clusters C and D, a projected C-DAG gg:,
and data 7 from V . Q is T7-ID from g(g and 7 if and only
if 7(Q) is ID from gf: and 7(Z). [ |

In words, T-identification across abstractions is equivalent
to classic identification on the high-level space.

Example 3. Continuing Ex. 1, note that X is the only
AIC violator in Vg, since x; and x5 both map to ¢ but
have different effects on Y. Hence, VL = {Xpg}, and the
C-DAG G and projected C-DAG gg are the two graphs in
Fig. 3(a). To answer the query of interest P(Yx, —o. =
1), one can apply Thm. 3 to simply identify the quantity
w.rt. P(Vy) and Qé. In this case, note that the causal effect
of Xy onY can be computed via backdoor adjustment on
Z,30 P(Yx, =z, = 1) is equal to

S PY=1|Xg=2c,Z=2P(Z=2) (4
ZZP(Y =1]| Xy € {x1,22},2)P(2) (15)
= (5.7)(0.74) +(0.3)(0.26) = 0.596. (16)

|

Thm. 3 implies that, in practice, 7-ID can be checked by
performing any classical ID procedure on the high-level
space. This may include algorithmic approaches or other
optimization-based approaches.
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Figure 4: Colored MNIST results. Samples from different causal queries (top) are collected from competing approaches
(left). The expressions in parentheses are the representation sizes. The left column shows direct image samples from each of
the models, while the second, third, and fourth columns show samples generated from an L1, Lo, and L3 query, respectively.
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Figure 5: Mean absolute error (MAE) v. number of samples
for the MNIST estimation task. Comparisons between an
abstractionless approach (red), a C-DAG approach (yellow),
and a projected C-DAG approach (blue).

4. Experiments

We perform two experiments to demonstrate the benefits
of projected abstractions. The models in the experiments
leverage Neural Causal Models (NCMs) (Xia et al., 2021;
2023), specifically the generative adversarial implementa-
tion called GAN-NCMs. Details of the experiment setup
can be found in App. D, and code will be released upon
paper acceptance.

In the first experiment, we test the necessity of the projected
C-DAGs when the AIC does not hold. The high-level query
7(Q) = P(y. | 2) is estimated in the graph setting shown
in Fig. 3(a), where Z is a digit from 0 to 9, X is a corre-
sponding colored MNIST image, and Y is a label denoting
the color prediction of X. 7(X) maps the image to a binary
variable representing the shade (light or dark) of X.

The results are shown in Fig. 5. Three different GAN-NCMs
are trained: one directly on the low-level data that does not
use abstractions (red), an abstracted one constrained by the
C-DAG (yellow), and an abstracted one constrained by the
projected C-DAG (blue). 95% confidence intervals of the
errors are plotted in the figure. Note that the abstractionless
model and the projected C-DAG model have decreasing
error with more samples, but the regular C-DAG model is
unable to learn the correct query. The abstractionless model
has higher error than the projected C-DAG model since it
operates in a higher-dimensional space.

e 0 | 23 4 5

Figure 6: (Left) Graph of Colored MNIST experiment.
(Right) Correlation shown between color and digit.

In the second experiment, we test an interesting consequence
of the projected abstraction theory: the soft intervention
definition in Eq. 7 can be directly modeled and sampled
if attempting to reconstruct the low-level data. We show
this in the colored MNIST experiment (Xia & Bareinboim,
2024). In the model, digit D and color C' both cause the
image I, but they are confounded (e.g., O’s are red, 5’s are
cyan, see Fig. 6). Three different queries are tested (the
right three columns of Fig. 4). P(I | D = 0) is an £ query
representing images conditioned on digit = 0, resulting
inred 0’s. P(Ip—g) is an Ly query representing images
with the digit intervened as 0, cutting the confounding and
resulting in 0’s of all colors. P(Ip—q|D=5)is an L3 query
representing images with digit intervened as 0, conditioned
on the digit originally being 5. This results in 0’s with colors
of images that were originally 5’s, resulting in cyan 0’s.

Four methods are compared on these queries in Fig. 4, with
the ground truth shown on row 5. The non-causal approach
(row 1) simply directly models the conditional distribution
between digit and image and therefore fails to model any-
thing higher than £;. The representational NCM or RNCM
(Xia & Bareinboim, 2024) (row 2) is able to decently repro-
duce all queries, but it uses a 16-dimensional representation
space, which cannot shrink much further due to AIC limi-
tations. When forced to take a binary representation (row
3), the RNCM clearly lacks the representation power to
properly generate images. In contrast, using a projected
sampling approach (row 4) can reproduce the images even
with a representation size as small as a binary digit.
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5. Conclusions

This paper introduced projected abstractions (Def. 6), which
can be constructed algorithmically (Alg. 1, Thm. 1), to over-
come the AIC limitation. When the full model was not avail-
able, we leveraged a new graphical model (Def. 8, Thm. 2)
that allowed for causal inferences through the abstract-ID
problem (Def. 9, Thm. 3). Finally, we demonstrated the
ability of projected abstractions to leverage representation
learning within difficult causal inference settings through
high-dimensional image experiments.

Impact Statement

This paper presents work whose goal is to advance the field
of causal inference, a subfield of machine learning. The re-
sults in this paper may have implications bringing together
strong practical results in representation learning and com-
puter vision research with the explainability and generaliz-
ability of causal inference results. The trend is that this will
lead to smarter Al, which itself has many consequences out
of the scope of this work, but the benefit of understanding
causal inference is that it can lead to less bias and more
accountability of Al models.
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A. Proofs

This section contains all proofs of the results described in the main body.

A.1. Additional Definitions
The following definitions about 7-abstractions from Beckers & Halpern (2019) set the groundwork for many discussions on
abstraction theory.

Definition 10 (7-Abstraction (Beckers & Halpern, 2019, Def. 3.13)). Let M = (U, Vp, Fr,P(UL)) and My =
(Up, Vg, Fu,P(Ug)) be two SCMs. Let Zy, and Zy be the sets of allowed interventions respectively. Given 7 : Dy, —
Dv ;. we say that (M, Zyy) is a T-abstraction of (M, Zy) if:

1. 7 is surjective;

2. There exists surjective 7y : Dy, — Dy, that is compatible with 7, i.e.

T(Mrxpex)(Ur)) = Muw, (x,x.) (Tu(ur)), 17)
foralluy, € Dy, and all (X, + x1) € Zy;

3. IH = OJT(IL).
]

Further, we will assume that if (M, Zy) is a T-abstraction of (My,Z1), then P(Ugy) = 7¢(P(UL)) = P(ru(UyL)),
that is, the distribution of P(U ) can be obtained from P(U ) via the push-forward measure through 7. While it is not
explicitly stated in the definition, this property aligns with the intention of linking the spaces of Uy and U through 7.

Definition 11 (Strong 7-Abstraction (Beckers & Halpern, 2019, Def. 3.15)). We say that M g is a strong 7-abstraction of
My, if (Mpy,Zy) is a T-abstraction of (M, Zy) and Ty = Ij;. [ |

Definition 12 (Constructive 7-Abstraction (Beckers & Halpern, 2019, Def. 3.19)). My is a constructive 7-abstraction
of My, if My is a strong 7-abstraction of M, and there exists a partition of V, C = {C1,Cs,...,Cp41} (where
n = [Vg|) with nonempty C; to C,,, such that 7 can be decomposed as 7 = (7¢,,7c,,---,7c, ), Where each 7¢, :
D¢, — Dy, , maps the ith partition to the ¢th variable of V. |

For constructive abstraction functions, there is a notion of (-7 consistency that connects low and high-level quantities. The
formal definition is below.

Definition 13 (Q-7 Consistency (Xia & Bareinboim, 2024, Def. 7)). Let M and My be SCMs defined over variables
V1 and Vg, respectively. Let 7 : Dy, — Dy, be a constructive abstraction function w.r.t. clusters C and D. Let

Q = Z P(YL,* = YL,*) (18)

yL.«€Dyy (YH,*)

be a low-level Layer 3 quantity of interest (for some yy « € Dy, , ), as expressed in Eq. 11, and let

(@) =P(Yus=Ynus) (19)
be its high level counterpart. We say that M g is Q-7 consistent with M, if
> PME(Y e =y1.)
YL,«€Dy , (Vi) (20)

=P (Y. =yu.),

that is, the value of ) induced by M, is equal to the value of 7(Q) induced by M u*. Furthermore, if My is Q-7
consistent with M, for all Q € £;(M ) of the form of Eq. 18, then M g is said to be £;-7 consistent with M. [ |

“Note that the equality in Eq. 20 is consistent with the push-forward measure through 7.

11
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The following result relates constructive abstraction functions and the concept of Q-7 consistency with 7-abstractions.

Proposition 3 (Abstraction Connection (Xia & Bareinboim, 2024, Prop. 1)). Let 7 : Dy, — Dv, be a constructive
abstraction function (Def. 4). My is L3-T consistent (Def. 13) with M, if and only if there exists SCMs M, and M’y
s.t. L3(M]) = Ls(My), L3(My) = L3(Mpy), and M’y is a constructive T-abstraction of M.

For abstraction inference, C-DAGs can often be leveraged in place of causal diagrams, defined below.

Definition 14 (Cluster Causal Diagram (C-DAG) (Anand et al., 2023, Def. 1)). Given a causal diagram G = (V, E) and an
admissible clustering C = {Cy, ..., Cy} of V, construct a graph Gc = (C, E¢) over C with a set of edges E¢ defined as
follows:

1. A directed edge C; — C; is in Ec if there exists some V; € C; and V; € C; such that V; — V; is an edge in E.

2. A dashed bidirected edge C; <> C; is in Ec if there exists some V; € C; and V; € C; such that V; <+ V; is an edge
in E. |

This paper shows that they are insufficient for inferences when the AIC does not hold, but they are used as the base graph for
constructing projected C-DAGs.

Most of the experiments in this paper leverage the G-constrained neural causal model for practical implementations, defined
below.

Definition 15 (G-Constrained Neural Causal Model (G-NCM) (Xia et al., 2021, Def. 7)). Given a causal diagram G, a
G-constrained Neural Causal Model (for short, G-NCM) M (0) over variables V with parameters 8 = {6y, : V; € V} isan
SCM (U, V, 7, P(U)) such that

U= {Uc : C € C(G)}. where C(G) is the set of all maximal cliques over bidirected edges of G;

« F= { fw : Vi € V}, where each fw is a feedforward neural network parameterized by 6y, € 6 mapping values of
Uy, UPay, to values of V; for Uy, = {Uc : Uc € Us.t. V; € C} and Pay, = Pag(V;);

. P(ﬁ) is defined s.t. U ~ Unif(0, 1) for each UeU. ]

A.2. Proofs of Sec. 2

In this section, we prove the theoretical results stated in Sec. 2.

The first observation is that although the AIC is a property of the entire abstraction, one can clearly distinguish individual
high-level variables that violate the AIC, as shown in the following definition.

Definition 16 (AIC Violation Set). Let M, be an SCM defined over V1, and 7 : Dy;, — Dy, be a constructive abstraction
function w.r.t. clusters C and . Let V;I C Vg be the set of high-level variables such that Vi ; € VL iff there exists
Vaj; € Vg with Vg ; € Pavaj such that Eq. 2 is violated for C;, some u € Dy, and some vi, vy € Dy, where v; and

v, only differ in the values associated with C; (C; and C; are the corresponding clusters of C respectively). VL is called
the AIC violation set of 7 w.r.t. M. [ |

In words, a high-level variable is an AIC violator if two of its values that have different effects on its children are clustered
together (e.g., X is an AIC violator in Ex. 1). Now recall the definition of an SCM projection.

Proposition 4 (SCM Projection). Given an SCM M = (U, V, F, P(U)), there exists an SCM M' = (U, W, F', P(U))
such that, for allu € Dy, X C W, and x € Dx,

My (0)[W] = M, (u) (21)

M is called an SCM projection of M over W. [ |

Proof. We show how to construct M’. For each Y € V in topological order according to the inputs of the functions of F,
choose f{ + fy (Uy,Pay), where for each X € Pay,

12
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1. If X € W, then keep X as an input of f{;

2. Otherwise if X ¢ W, then replace X with f% (U, Pay). Denote U} and Pa), as the new exogenous variables and
parents of Y after recursively applying this rule until all endogenous inputs are in W.

Then, construct 7/ = {f{;Y € W} and M’ = (U, W, F’, P(U)). Note that for all u € Dy, X C W, and x € Dx,

M (u)[W] (22)
= Wy(u) (23)
= {fy(uy,Pay[y(u)): Y € W} (24)
= {fy(uy,Pay(u): Y € W} (25)
= M (). (26)

O

Note that a version of this proposition was proven in Lee & Bareinboim (2019), specifically for all L queries of M’. Our
proof uses a similar argument, but we show that the implied result is stronger: M’ matches M on the SCM level for all
exogenous settings u and interventions x. This implies not only matching in Lo query but also L3 queries.

Proposition 1 (Partial SCM Projection). Let V be a set of variables and W C 'V be a subset. For each W; € W, let
d;i : Dwe X Dwr — Dy, be a surjective function mapping new variables W and W7 to W;. W and W} are called
the observed and unobserved projections of W; respectively. Denote 6(W°, W") = W, where W° = {W? : W, € W}
and W* = {W : W; € W}. Forany SCM M = (U, V, F, P(U)), there exists an SCM M’ = (U = UUW" V' =
We F' P(U")) such that, for allu € Dy, X CW, and x € Dx,

W)O( = Mix"](uvxuvzu)a (6)

where §(w2, wl) = Wy(u), 6(x°,x%) = x, Z* = W¥\ XY, and z* are the corresponding values from w%. M’ is called
a partial SCM projection of M over W°. |

Proof. M’ can be created through Alg. 1, and Thm. 1 proves that Alg. 1 is sound. See the proof of Thm. 1 for details on
this construction. O

Theorem 1. The SCM My constructed by Alg. 1 is a projected abstraction of M, that is Q-1 consistent with M, for all
7(Q) € L3(Mp). u

Proof. Let M g be the output from Alg. 1 given M, and 7 constructed from clusters C and D. Let 7(Q) = P(Yy « = Y1 .«)
be any arbitrary high-level query from L3(Mpy), and let Q = > p (yi.2) P(Yp . = yp) be its low-level
* L,* o

counterpart. Without loss of generality, we can assume that the set of AIC violators VL = Vg, since any variable V' ¢ VL
can be mapped by a trivial J that ignores V™.

We first show that My is a projected abstraction of M. First, consider the SCM M/, defined over the variables
V' = 7/(VL), where 7’ is the constructive abstraction function constructed from the same intervariable clusters C and the
trivial intravariable clusters D' = Dy, (i.e., each value of V', is its own cluster, and D is ignored). Note that each V; e V’H
corresponds to a cluster C; € C. Suppose M is constructed such that it is £3-7 consistent with My, which is possible
through Alg. 1 of Xia & Bareinboim (2024). Then, Prop. 3 states that M’; must be L3-consistent with a constructive
T-abstraction of M. Without loss of generality, suppose M; is this constructive T-abstraction.

For any C; € C, one can construct variables X ¢, and X}, such that X7 = 7(C;) and there exists a function é such that
§(X¢, X}) = Cj, as done so in line 4 of the algorithm. This can be done by simply giving X}, an arbitrarily large domain
and using X7, to disambiguate any information lost in the transformation from C; to X, when constructing . Note that in
the construction of M g, the variables of X are placed into Ug.

To show that My is a projected abstraction, we must show that it is a partial SCM projection of M’;. Looking at Prop. 1,
simply choose W = V;. In Alg. 1, each C; € C is split into C?, C such that 6(C¢, C}) = C;. Denote V¢ and Vi,
as the corresponding sets of variables in V’;. By construction, indeed Uy = U, UVY,and Vy = V4. Fixuy, € Uy,

13
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X C Vi, andx € Dy, . Let (v, viy) = V}{[x] (urp). Let Z* = V¥ \ X" and z* be the corresponding values from w.
Then, observe that

Vi (27)
=7(Vi(ur)) (28)
=7({fy (uY?PaY[x](u)) Y eVy}) 29)
= 7({fy(uy,d(Paj g (u), Payq(u))) : Y € Vi }) (30)
= 7({fuy (uy,Pay(u), Pay(u)) : Y € Vi}) 3D

= Mupyix,)(uz,x",2"), (32)

matching Eq. 6.

Now we show that M g is L3-7 consistent with M. Denote x, , and X . as the corresponding sets of interventions of Q)
and 7(Q) respectively, and denote y 1, [, . as the the values of y, . specifically under the hard intervention x;, .. (as opposed
to the soft interventions under o, ,). Denote Dy, (¥r,[x, .]) € Pu, as the values of U such that Y [, .j(ur) = yr «
(similar notation applies to Dy, ).

Now observe that

QM (33)

= > PMUY L. =yL.) (34)
YL,*GDYL,*(yH,*)

= > S PMUYp. =y lox,. =x0.)Plox, . =x1.) (35)
YL,*EDYL,*()’H,*)xL,*E,DXL’*(xH,*)

= Y. P(UL€Du,(yrx..)Plox,. =XL.) (36)
YL, XL, *

= Y  PULeDy,(yrix..) |] Ploc, =c¢) (37)
YL, XL,* CjEXL «

= > PULeDu,(Yrx,.) | Plej|7(c;) =vm; Pav,,(Uc,), Ryg v ) (Ug,))  (38)
YL, «XL,* CjEXL «

= Y PULEDu,(yrix..) J[ P0(c§,CY) =c; | Uy (39)
YL,%XL,« CjEXL «

= Y P(UL€Du,(yrx,.)P0(xus X .) =x1. | UL) (40)
YL, XL,*

> P(UL€Du, (Yo x,.) 0(Xme X ) = X1 (41)

YL,+XL,*

=P \/ UL € Du, (Yr,[xp..])s O (XH 5 X 1) = XL« (42)

y£,+€Dy,  (Yu,») XL «€Dx; , (X %)

= P((UL, Vi) € Dy, (Yu,+)) (43)

=P(Upy € Dy, (Yu+)) 44)

= (@™, )

Explaining each line, line 34 starts by applying the definition of (). Since the interventions x, . are determined through soft
interventions o, we can expand the soft intervention through all possible values of xy, , (via marginalization), as done so
in line 35. The first term is simply computed as the probability of all values of Uz, where Y, x, .j(ur) = yr .« (Def. 1),
resulting in line 36. The second term can be broken down into the soft interventions of each intravariable cluster (line 37),
whose probability is computed through Eq. 89, resulting in line 38. Line 39 is true by construction of M g, through line 8 of
the algorithm. Finally, we consolidate all terms back into x7, . and merge back into the joint distribution in lines 40 and 41.
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Line 42 holds because the probabilities of each individual value of y 1, [, ] are disjoint since X, . and Y, . can both only
be equal to one value at a time. Line 43 holds since Uy = Uy, U V¥ and by construction of line 9 in the algorithm, we
have exhausted every possible value that My ((ur,v¥)) = y#,+«. This allows us to finish the comparison with 7(Q) on
lines 44 and 45.

Therefore, QM = 7(Q)™# for all 7(Q) € L3(M ), concluding the proof. O

A.3. Proofs of Sec. 3
The proofs in this section are concerned with the properties of the partially projected C-DAG in Def. 8.

First, we must define what it means for a causal graph to be “sufficient”. In general, the role of causal graphs in causal
inference tasks is typically to encode the constraints of the model, which are useful for allowing one to make inferences
of higher layers using lower layer data. These constraints, on layers 1, 2, and 3 of the PCH, can be described by the
Counterfactual Bayesian Network, defined below.

Definition 17 (Counterfactual Bayesian Network (CTF-BN) (Correa & Bareinboim, 2024, Def. D.1, D.2)). Let P, be the
collection of all distributions of the form P(W;,1, Wa[y,], - .. ), where W; € V, X; C V, x; € Dx,. A directed acyclic
graph (possibly with bidirected edges) G is a Counterfactual Bayesian Network for P, if:

(i) (Independence Restrictions) Let W, be a set of counterfactuals of the form Wy , Z1,. .., Z; the c-components of
GIV(W.,)] (two variables are in the same c-component if there is a bidirected path between them in G within the
variables V(W.,.)), and Z1., . .., Z;, the corresponding partition over W .. Then P(W.,) factorizes as

l
Pl A W, |=][P A Wa, |- (46)
j=1

WPﬂw EW Wpaw ezj*

(ii) (Local Exclusion Restrictions) For every variable Y € V with parents Pa,, for every set Z C V \ (Pa, U{Y}), and
any counterfactual set W, we have
P(Ypa, 2, Wi) = P(Ypa , W.). (47)

Y

(iii) (Local Consistency) For every variable Y with parents Pa,, let X C Pa,, then for every set Z C V \ (X U{Y'}), and
any set of counterfactuals W, we have

P(Yz = anz =X, W*) = P(sz = y7Xz =X, W*) (48)

Although a full discussion of these constraints is out of the scope of this paper, the two that are particularly of insight in
regards to the difference between C-DAGs and projected C-DAGs are points (i) and (ii) in the definition. In words, point
(ii) is stating that a lack of a directed edge implies a lack of an interventional effect, and point (i) is says that a lack of a
bidirected edge (or lack of unobserved confounding) implies independence of functions. One particularly useful result is that
causal diagrams are guaranteed to satisfy the CTF-BN constraints of the distributions induced by the SCM that generated
the graph, shown below.

Lemma 1 ((Correa & Bareinboim, 2024)). For any SCM M inducing causal diagram G, G is a CTF-BN for L3(M). R

Using the constraints of the CTF-BN, we can state the results of Sec. 3 more formally.

Proposition 2 (C-DAG Insufficiency (Formal)). There exists SCM M, and constructive abstraction function T defined over
clusters C and D with C-DAG G such that, for My that is L3-7 consistent with M, Gc is not a CTF-BN for L3(My). B

Proof. Since there exist projected C-DAGs that have a superset of the edges of the corresponding C-DAG, this result is a
consequence of the necessity of projected C-DAGs, stated in Thm. 2. O

The above result states that C-DAGs are insufficient for the general case abstraction problem, where the AIC may be violated.
The below result shows that projected C-DAGs have precisely the correct constraints.
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Lemma 2. Let My be the SCM generated from running Alg. 1 on My, and 7. Then, the causal diagram of M is the
projected C-DAG of My, over V. |

Proof. This proof considers a slight modification of Alg. 1 that incorporates AIC violators VL. Specifically, in line 9, Pay
can be split into Pa$, and Pa;r,, where 7(Pal,) N VL = (), and 6(pa$,, pa},) is only applied to Pa@, while for parents in
Pa?,, § is replaced by an arbitrary pa{, such that 7(pa,) = pay,,, since they all map to the same value due to the lack of
AIC violation.

The causal diagram of M is a graph Gy = (V, E). E must at least contain the edges of the C-DAG G, since every
function of M, is incorporated into M. Extra edges are only added through line 9 of the algorithm, where 6 may
introduce new dependencies through pa},. If, for some W € Pay, W ¢ VL, then new edges are not added w.r.t. .
Otherwise, the existence of W™ may confound other functions that also take W* as an input, implying rule 3 of Def. 8.
For the other rules, as stated in line 8, W™ depends on its own parents Pay (or the grandparents of V'), which implies
rule 1 of Def. 8. Additionally, W* also depends on uf Wy which implies a dependence on any unobserved confounder
that influences the parents of W, implying rule 2 of Def. 8. No other dependences are introduced through lines 8 and 9
of the angorthm, meaning that E contains precisely the edges of G' plus those introduced by the rules of Def. 8. Hence,
Gn = G- O

Theorem 2 (Projected C-DAG Sufficiency and Necessity (Formal)). Let M = (U, V, Fr, P(UL)) be a low-level
model with causal diagram G, and let T : Dy;, — Dv,, be a constructive abstraction function defined over clusters C and
D. Let VTH be the set of AIC violators of T. Let gé = (Vp,E) be the partially projected C-DAG of G w.r.t. C and VL. Let
My =(Uy, Vg, Fu, P(Ug)) be a high-level model that is L3-1 consistent with M. Then

1. (Sufficiency) g(é is a CTF-BN for L3(Mg)
2. (Necessity) For any other graph G' = (Vg ,E') such that G' # G and G’ is a CTF-BN for L3(M ), it must be the
case that E C E'.
|
Proof. The proof for sufficiency is straightforward. Alg. 1 generates M g that is £3-7 consistent with M, by Thm 1. By
Lemma 2, the causal diagram of Mg is Qé. Then, by Lemma 1, Q(E must be a CTF-BN for L3(Mpg).

The proof for necessity is more involved. We argue that every single edge in E must be included for gé to maintain the
correct CTF-BN constraints.

First, at least every edge in the C-DAG G is necessary. This is because every edge in the C-DAG corresponds to an edge in
the original graph G. This edge cannot be removed without adding new constraints to the original graph generated by M.

Next, we step through each of the three rules of Def. 8 and argue that they must hold. For each of the rules, consider the
basic case with Z, X, Y € Vg (and their corresponding clusters Cz, Cx, Cy € C).

I.If Z X —>YinGcand X € VL, consider the query P(ypa,,»). According to Eq. 47, P(ypa,..) = P(ypa,) if
there is no edge from Z — Y. However, we see that

P(ypay,z) (49)

= P(CY[UPaCY 7002]) (50)

= P(CY[UPaCY \CX’UCX 7O'CZ]) (51)

= Z P(CY[UPaCY\cX,nycfcz])P(UCx =cx) (52)
cx€Dcy

= Z P(Cy[ﬂpacy\cx7CXVUCZ])P(CX | T(cx) = z,pac, ,ug, ). (53)
cx€Dc

Clearly, if Z ¢ Pay, then including o, into the low-level query can impact the value of the query, since Z € Pay,
so the right term in Eq. 53 depends on o, . This would break Eq. 47.
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2.IfZ+-3X > YinGcand X € Vi, two types of edges must be considered.

(a)

(b)

If there is no bidirected edge between Z and Y, then according to Eq. 46, P(ypa, , #pa.) = P(Ypa,)P(2pa,)-
However, we see that

P(ypa,, 2pa,) (54)
= P(Cy[opag, | CZlopac, 1) (55)
= P(CY [opag, oy 00y ] CZlopac, 1) (56)
- Z P(CY[UPacY\cX 7CX]’CZ[PacZ])P(UCX = CX)P(JPacZ =Ppag,)- 57
cx€Dcy pac, €Dpag,,
From here,
P(ocyx = cx) = P(ex | 7(ex) = 7, pac, . ug,) (58)
and
P(CY[UPaCY\Cx ex| CZ[DacZ]) =P (cY[UPaCY \Cx Cx]? /\ fV(pav, uV) = U) (59)
VeCy

for v consistent with cz. However, since there is a bidirected edge between Z and X, there may be a dependence
between Uy, for some V' € Cz and ug, - This would make the independence between the two terms Ypa, > Zpa,
impossible, violating Eq. 46.

If there is no bidirected edge between X and Y, then according to Eq. 46, P(ypa, , Tpa,) = P(Ypa,)P(Zpa, )-
However, following the same argument as above, this cannot hold either because

P(CY [opag, oy ex]s CXlpag, ]) = P (CY[UPBCY\CX@X]’ A fv(PaVauv)ﬂ) (60)
VeCx

for v consistent with c’y. Certainly, there could be a dependence between Uy, for some V' € Cx and ug, since
both terms influence the functionality of Cx.

3. f Z+ X - YinGcand X € V}{, consider the query P(Ypa, ; 2pa, ). According to Eq. 46, P(ypa,; 2pa,) =
P(ypaq )P(2pa_) if there is no bidirected edge between Z and Y. However, we see that

lj(ypayazpaz) (61)
:-P(cpracychbpaczp (62)
= P(CY[UPQCY\CX’UCX],CZ[UPBCZ\CX7UCX]). (63)

Note that o, is computed once for both terms, so clearly the two terms cannot be independent as they both depend on

UCX

. This would break Eq. 46.

With all rules covered, no edge can be removed without breaking the CTF-BN condition, ensuring that the edge set of g(é is

minimal.

O

Finally, we prove how the projected C-DAG can be used for cross-layer inferences by solving the abstraction identification
problem. First consider the classical identification problem.

For the following proofs, consider the classical definition of identifiability.

Definition 18. Let 2* be the space containing all SCMs defined over endogenous variables V. We say that a causal query
(Q is identifiable (ID) from the available data Z and the causal diagram G if Q(M;) = Q(M3) for every pair of models
My, Ms € Q* such that M and My, both induce G and Z(M 1) = Z(My). [ ]

Now we show how abstract identification is equivalent.

17



Causal Abstraction Inference under Lossy Representations

Theorem 3 (Dual Abstract ID (General)). Consider a counterfactual query Q) over V 1, a constructive abstraction function
7 w.r.t. clusters C and D, a projected C-DAG g{, and data 7 from V . Q is 7-ID from gé and 7 if and only if 7(Q) is ID
from Q(E and (7). |

Proof. Let 2 and Qg be the space of SCMs defined over V1, and V f respectively, and let 2 L(Gé) and H(gg:) be their
corresponding subsets that induce graph gé. For clarity, M € Q L(Qé) if gé is a partially projected C-DAG of its causal
diagram G w.r.t. C and AIC violation set VL. Mg e Qg (Q(T:) if M g induces Q& as its causal diagram.

If Q is 7-ID from Qé and Z, then every pair of My, € QL(Q(E), My € QH(Q(E) such that M g is Z-1 consistent with
M, must have Mg be Q-7 consistent with M. For all such My, Z-1 consistency and Q-7 consistency with M,
implies that My is 7(Z)-consistent and 7(Q)-consistent by Def. 13. For any pair M1, My € Qg that induce gg,
T(Z)(M1) = 7(Z)(My) therefore implies that both M; and Mo must be Z-7 consistent with M, and must therefore
both be (-7 consistent, so 7(Q) (M) = 7(Q)(M2). Hence, 7(Q) is ID from G¢ and 7(Z) by Def. 18.

Conversely, if 7(Q) is ID from gé and 7(Z), then for any My, My € Qg that induces gé such that 7(Z)(M;) =
7(Z)(Mz), it must be the case that 7(Q)(M1) = 7(Q)(Mz). For every My, € QL(QJ:), Thm. 1 and Lemma 2 state that
there exists some My € QH(Q(E) that is L3-7 consistent with M, implying that M is both Z-7 consistent and Q-7
consistent with M. Since all My € Qg (gé) that match in 7(Z) must also match in 7(Q), it must be the case that all

such M g that are Z-7 consistent with M, must also be Q-7 consistent with M ;. Hence, by definition, @) is 7-ID from Q(T:
and Z. O

B. Additional Results

In this section, we add additional technical results and expand on the ideas presented in the main body.

B.1. Choosing an Intervention Mapping Definition

Consider a basic setting with only two variables V;, = {X, Y}, where X, is ternary (Dx, = {xo,x1,22}), and Y is
binary (Dy = {yo,y1}). Let Vg = { X, Y}, where Dx,, = {x 4,2z}, such that

T(rr,y) = (64)

{(JﬁA’ y) L =20

(l'B,y) T = X1,22,

that is, x1 and x5 are both mapped to the same high-level value x 5. Naturally, one may be interested in causal queries on
the high-level model such as P(Yx,,—., = y1). However, making no assumptions about the AIC or the structural equations
and probability distributions of the low-level model, how would such a quantity be defined on the low-level?

When the AIC holds, the answer is simple, since the AIC would imply that P(Yx, =, = vy1) = P(Yx, =z, = y1). Since
both of these values are equal, it must be the case that P(Yx,,—z; = y1) = P(Yx, =2, = y1) = P(Yx, =2, = y1). When
the AIC does not hold, however, the answer is ambiguous. It is possible that P(Yx, =z, = 1) # P(Yx, =2, = %1), so the
choice of P(Yx, =z, = y1) is not clear.

To illustrate the full range of possible options of P(Yx, —., = y1), consider a perspective of the problem akin to the
canonical model formulation used for causal partial identification (Balke & Pearl, 1997; Zhang et al., 2022). Note that
there are eight possible functions from X, to Y, since there are three possible values of X and two possible values for
Y. Define Rx = fx(U), RS = fy (X1 = 20,U), Ry = fy(X = 21,U), R = fy (X1 = z2,U), all of which are
random variables that depend on U. Now define

pijke = P(Rx = 2, Ry = y;, Ry, = yi, Ry = y0). (65)

Note that Yx, —,, = y1 holds as long as R}, = y; and Y, —,, = y; holds as long as R?- = y;. Expanding this result, we
get
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P(Yx =z, = 1) (66)
= Poo1o + Poo11 + Poi1o + Po111

+ P1o10 + Pro11 + Pii1o + Pt

+ DP2010 + P2011 + P2110 + P2111,

P(Yx =2, = Y1) (67)
= Pooo1 + Poo11 + Poio1 + Po111

+ p1oo1 + P1o11 + Piio1 + Piin

+ p2001 + P2011 + P2101 + P2111-

The terms that are colored black are terms that are contained in both equations. This implies that P(Yx,, —,, = y1) must at
least contain all of the black terms and may potentially contain any of the colored terms to any proportion. In other words,

P(Yxy=zp = 1) (68)
> Poo11 + Poi11
+ p1o11 + P1111
=+ p2011 + Pa111,

and

P(Yxy=zp = 41) (69)
< poo1o + Po11o + Pooo1 + Po1o1 + Poo11 + Poi11
=+ P1o10 + P1110 + P1oo1 + Piio1 + Pio11 + P1i11
=+ P2010 + P2110 + P2001 + P2101 + P2011 + P2111-

The question is then how to choose which of these colored terms to include in the definition of P(Yx, —z, = y1). Itis
entirely possible to define P(Yx,, —,, = y1) as simply being equal to P(Yx, ., = y1) or P(Yx, ., = y1) (i-e., choosing
Eq. 66 or 67). It could also be defined as Eq. 68 or Eq. 69, which can be interpreted as the minimum or maximum possible
value of the query. However, these choices are somewhat arbitrary and extreme—it is unlikely that a practitioner would
intuitively mean one of these definitions when studying the high-level query P(Yx =y = y1)-

More specifically, the reason that the above definitions are undesirable is because they do not take into account the nuance of
when Xy = xp should be interpreted as X, = x; or as X = x5. Indeed, all of the colored terms in the above equations
show a disconnect between Yx, —,, and Yx, —,. For example, p1010 represents a case where R%/ = gy and R%, = Yo,
which means that Y will take the value of y; if X = x; and yq if X; = zs. In such cases, it is important to distinguish
whether X; = x4 or X, = 5. In contrast, both R%, = y; and R%, = g for the black terms. By interpreting X = zp as
the disjunctive intervention X = 1 V x2, it becomes clear that the ambiguity largely has to do with which particular value
is used as X 7. From the unit-level perspective, how should = g be interpreted for any particular individual datapoint?

One answer to making this decision is to look at the natural value of the intervened variable. In this case, if the intervention
Xy = xp is applied, one can check if X was originally going to be z; or z2. In such cases, the blue terms would be
included, while the red terms would be excluded. For example, in p1910, R%, = y; and R%, = 1. However, since Rx = x1,
we know that the natural value of X;, = 1, so we would apply the value of R} instead of R, implying that Y = y;. In
contrast, in pog10, R%/ and R2Y are identical, but this time Rx = x2, so we would apply the value of R%, instead of R%/,
implying that Y = yo. Such a definition would look like

P(Yxy=zp = 1) (70)
= poo11 + Po111 + Pio11 + P1111 + P2o11 + P2111

=+ p1o1o0 + P1110 + P2001 + P2101

+ B1poo1o + B2po11o + Bapooo1 + Bapoiot,

19



Causal Abstraction Inference under Lossy Representations

Figure 7: The confounding issue of using the natural value in partial projections. (a) In the original system, there is no
confounding between X and Y. (b) When X is partially projected into X ° and X , there is now a path from Ux to Y both
through X° and X which is used for calculating the natural value of X. (c) The path through X results in confounding
between the remaining X° and Y.

for 51a527ﬂ3754 € [07 1}

This seems like an appealing method of deciding between x; and x5, but it has many issues. For one, it is unclear what
should happen with the purple terms, in which Ry, # R%, but Rx = . In other words, the natural value takes a value
that does not map to the high-level value Xy = xp, so it is unhelpful for deciding between whether x5 implies z; or
Z9. Another issue is that the mechanisms of deciding the natural value of X are usually unobserved, so requiring this
information adds a layer of unobserved confounding. Specifically, all variables will now be confounded with their parents
since they will need the exogenous information used to generate the parents to find their natural value (see Fig. 7). This extra
confounding adds difficulty in practical applications that require identifying the high-level quantities from minimal data.

In general, it is preferable to avoid the extra level of complication added by considering the natural value of variables
given that the natural value is typically not observable in practice if an intervention was performed. For that reason, the
interpretation of whether Xz = xp should be disambiguated as z; or x5 should allow for either possibility without
depending on the mechanism of X . This leads to the following formulation.

P(Yxy=zp = t1) (71)
= apoo1o + aporio + (1 — a)pooor + (1 — a)poior + Poo11 + Poi11
+ apioro + apiiio + (1 — @)pioor + (1 — @)piior + pro11 + P11
+ apaoio + apaiio + (1 — a)paoor + (1 — @)p21o1 + p2o11 + pai11,

where o € [0, 1]. In other words,

P(YXH:IB = yl) = aP(YXL:fEl = yl) + (1 - a)P(YXL:I2 = yl)' (72)

This formulates the high-level intervention as a soft intervention over the low-level interventions, where «v determines the
probability of each possible low-level value. From the canonical model perspective, every possible value from Eq. 69
is considered, but its weight is determined by a. This resolves issues arising from using the natural value, since Eq. 72
can be computed for a fixed «v as long as P(Yx,—,, = y1) and P(Yx, -, = y1) can be computed. However, the
question of choosing o remains. Indeed, an arbitrary value such as & = 0.5 may not make the most sense. For example, if
P(Xp = x1) >>> P(X| = z2), it may make more sense to pick a choice of « that is biased towards ;. By this line of
reasoning, the ideal choice of o should be

_ B _P(XL:JI17XL€{$1,$2})_ P(XLZS(}l)
a=PXp =z | Xy €{z1,22}) = P(X, € (a1, 22}) = PXy —21) + P(X) —73)° (73)

More generally, this choice of « implies that a high-level intervention should be a soft intervention over the corresponding
low-level interventions with probabilities based on their proportions. Formally, for a high-level intervention X 77 <— xf7, there
is a corresponding soft intervention ox, that is a distribution over all low level interventions X, +— xy, where 7(x1) = xg.
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In general, X7, must be a union of clusters for the abstraction mapping to be well defined, that is, X1, = (Jg¢o C for
some C' C C. ox, must be decomposed into {oc : C € C'}, which must be sampled independently, otherwise having
multiple interventions may introduce unintentional confounding. Following the above example, o¢, for some C; € C (and
corresponding Vg ; € V) would be defined as

P(UC,- = Ci) = P(Ci | T(Ci) = UHJ‘). (74)

Still, Eq. 74 may not be expressive enough for many applications. While this choice of v in Eq. 73 works for the two-variable
study shown here, it may fail to hold in general cases with more variables. Consider the following example.

Example 4. Recall the setting discussed in Ex. 1. For convenience, the setting is described again here. Different insurance
companies (Z) offer various insurance plans (X'), which affect whether an insurance claim is approved (Y"). For simplicity,
suppose there are two insurance companies (21 and z2) which offer three different insurance plans (z1, z2, and x3), and the
claim is either approved (Y = 1) or not approved (Y = 0). Suppose the true model M* = M = (U, V, Fr, P(UpL))
is described as follows.

UL = {U27 U)Z(l’ U)Zfszlgﬁl’ U$27U$3}

Vi = {Z,X7Y}
fE(uz) =ugz
Fr =4 [k (z,u3, u3d) = uk
[y (@ ugt u? uy?) =i (75)

P(Uz = 2) = 0.7

PUY =x1) =04, P(UY = z2)
PUZ =21)=01,P(UZ = z2)
PUy =1)=09,PUy?=1)=0

0.1, P(U% = x3) = 0.5
0.4, P(U% = 23) = 0.5
1,PUZ =1)=0.9

The interpretation of the model is as follows: Insurance plans z; and x3 are very effective, with 0.9 probability of claim
acceptance, while x5 is very ineffective at only 0.1 probability. Insurance company z; is more reputable than 2o and is more
likely to offer plan x; over x5, while company zo prefers to offer plan x5 over ;.

Moreover, an important factor of consideration not shown in the model is that z; and x5 are cheaper plans, while x3 is more
expensive. A data scientist who is studying this model may choose to abstract the different plans away, categorizing them
simply as “cheap” and “expensive” plans. Formally, they would study a set of higher-level variables Vg = {Zy, Xg,Yu },
where Zyy = Z,Yy =Y, and Xy has adomain Dy,, = {x¢, 2z} corresponding to cheap and expensive plans respectively.
There exists an abstraction function 7 : Dy, — Dy, such that 7 maps z; and x2 to z¢ and maps z3 to x . We will use
the notation Z and Y instead of Zz and Y since the variables are the same. One question that the data scientist may have
is “What is the causal effect of choosing a cheap plan on claim acceptance rate?”, denoted as P(Yx,,—z. = 1).

First, we note that 7 is a constructive abstraction function with clusters C and DD, where C and D trivially leaves the original
variables and values in their own clusters, except x1 and x, are clustered together. Under this choice of 7, observe that the
AIC does not hold, notably that

0.9=P(Yx—y, =1) # P(Yx—g, = 1) =0.1. (76)

Then, how could one compute P(Yx, —. = 1) given that both z; and x5 map to x¢? The answer is that the intervention

Xy = x¢ should correspond to a soft intervention on X, denoted as o x and assigning a different probability to x; and x5

(but not to x5, since 7(x3) does not map to z¢). If P(cx = x1) = @ and P(ox = 22) = 1 — @, then it is clear that
P(Yxy=zo =1) =aPYxep, =1)+ (1 —a)P(Yx=u, = 1), 77

for some choice of a € [0, 1].
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Still, this leaves the question of how to choose .. As a first attempt, it may be appealing to choose

P(X = .Z‘l)
CT P Em A= ") = PX = a1) + P(X = 22) (79)
P(X = (£2)
l—a)=PX =z | X=21 VX =29) = = 0.5,
(1=a) =P 2| ! 2) P(X =) + P(X = 2»)
implying that P(Yx,,—.. = 1) = 0.5. Indeed, this choice has some appealing properties, notably that
plymg H=%C pp g prop y
PYxye2e =1)=PY =1|Xp=2c)=PY =1|X=2,V X =ux9). (79)

One immediate observation that arises from this choice of o x is that the insurance company, Z, is not taken into account.
Indeed, consider another query P(Yx,—.. = 1 | Z = z1), which answers the question “What is the causal effect of
choosing a cheap plan on claim acceptance rate given that the plan was provided by company z;?” We would expect that,
while P(Yx,, =z = 1) = 0.5, it is very obvious that conditioning on Z = z; should change the result given that company
z1 is much more likely to recommend plan z; over x2. However, with the choice of ox from Eq. 78, we would evaluate
P(Yx, =2, =1|Z = z) tobe equal to P(Yx,, -, = 1), since neither ox nor fy takes Z into account. To resolve this
issue, it seems that a better choice of av may be deduced as follows

) B - B B P(xy | Z)
a=PX =n|X=nvX=m2)= 5o s T (30)
P(xy | Z)

(1-a)=P(X =, | x z2,7) Pl [Z2) + Plea| 2)
which evaluates as o = 0.8 when Z = z; and & = 0.2 when Z = z,. This translates to P(Yx, =z, = 1| Z = 2z1) = 0.74,
whereas P(Yx, =z = 1| Z = z2) = 0.26. |

As illustrated in the example, the soft intervention applied to the low-level should not be agnostic of the parents of the
intervened variables. This is shown visually in Fig. 2. Given that important information about X is lost through the
abstraction, information from Z may be required in downstream functions to supplement the lost information. This brings
us to the more general definition:

P(oc, =¢;) = P(c; | 7(c;) = qu,i,paVHﬂy). (81)

Note that this definition of ox, does not take into account any exogenous variables of Uy,. This is sufficient in cases
where the high-level model My is Markovian (i.e., no unobserved confounders), but this is not a reasonable assumption in
most settings, as even Markovian low-level models can translate to non-Markovian high-level models after the abstraction
function is applied (see row (c) of Fig. 3 for an example). The next section discusses why this definition is insufficient for
non-Markovian cases and presents ideas on possible generalizations.

B.2. Non-Markovian Considerations

Eq. 81 is reasonable for Markovian cases, where there is no unobserved confounding (i.e., all Uy € Uy are independent
and are only parents for at most one Vi € V). The interpretation of Eq. 81 is that the disambiguation of low-level
interventions for any given high-level intervention should depend on the endogenous parents of the intervened variables, but
the exogenous parents should be ignored and resampled. Having a dependence on the exogenous variables would result in
identifiability issues (e.g., from newly generated confounding as visualized in Fig. 7). However, if the exogenous parents are
causing unobserved confounding, it does not make sense to simply ignore them. Consider the following example.

Example 5. Consider the same setting as Ex. 4, except in the data collection process, data is collected on hospitals instead
of insurance companies. That is, for each person, Z is recorded as their registered hospital instead of their insurance
company, which is now left unobserved. For the sake of simplicity, Z will stay as a binary variable, representing two
possible hospitals z; and zo. It turns out that people will choose their hospital based on which hospitals are covered by their
insurance company, which now serves as an unobserved confounder between hospital choice and insurance plan. The full
SCM M* = My, = (U, Vy, Fr, P(UL)) is described as follows.
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UL = (U7, UR U U, U U

VvV, ={Z,X,Y}
fE(uz) =uy
Fr = q fx(uz, vy, ui) = uy
fE(, uyt, uy?, uy’) = ug (82)

P(Uy = 2) = 0.7

PUY =21) =04, P(UY = z2)
PUZ =21)=01,P(UZ = z2)
PUyt =1)=0.9,PUy?=1)=0

0.1, P(U% = x3) = 0.5
0.4, P(U% = x3) = 0.5
1,PUZ =1)=0.9

P(UL) =

Note that the only different between this SCM and the one from Eq. 75 is that instead of Z, fx now takes Uy as input.
However, the behavior of the two SCMs are identical on the observational level, and moreover, if Z is projected away, the
rest of the SCM is completely the same. Therefore, P(Yx,,—.. = 1 | z) should be the same as the result computed in
Eq. 80. However, this is obviously not the case when applying Eq. 81, since Z is no longer a parent of X.

Indeed, the computation of P(Yx, —., = 1 | z) according to Eq. 81 can now be shown as follows.

P(Yxy=2c =112) (83)
=P(Yoy (wc)=1|2) (84)
=P Xy =21 |7(XL) =20)P(Yx,=a, | 2) + P(Xp =22 | 7(XL) = 20)P(Yx, =2, | 2) (85)
=P(Xp =21 | 7(XL) =20)P(Yx,=0,) + P(Xp =22 | 7(XL) = 2¢)P(Yx,=0) (86)
—0.5. (87)

Notably, line 85 applies Eq. 81, which no longer includes z in the probability of choosing the low-level intervention on X7,
and line 86 follows since Z and Y are independent when intervening on X7 . ]

The discrepancy in the above example follows from the issue that Eq. 81 makes a distinction between whether a variable’s
parent is endogenous or exogenous. In this particular example, the issue could be solved by modifying Eq. 81 to include Uz,
instead of Z. However, it is unclear why U should be included but not U )zg orU fg Even in this example, SCM M, could
be designed in a way that behaves identically, but the exogenous space is chosen differently. For example Uz, U3, and U2
could be subsumed into a Gaussian distribution, and their behavior can be mimicked using the inverse integral transform. In
such a case, one could not pick and choose individual variables from U}, to include in the low-level soft intervention.

The key insight for solving this problem in the non-Markovian setting is to find a way to disentangle the confounded parts
of the exogenous variables from the parts that are only influencing individual variables. For example, perhaps U x could
be split into U and UY%, where U are all the exogenous variables that affect X and also some other variable, while
U only affects X. Moreover, U% needs to be chosen in a way that is “maximal”, so as to not allow arbitrary flexibility
between whether a variable belongs in U, or U%,.

Once again, to solve this problem, one can leverage the principles of canonical models (Balke & Pearl, 1997; Zhang et al.,
2022). For any high-level variable X, define Rx,, as a random variable, where D Rx,, consists of all possible functions of
fxy wrt. Pax, . Note that for a fixed choice of Ux,,, fx,, is a deterministic function w.r.t. Pax,,. Hence,

P(Rx, =rx,) = > P(u). (88)

UEDUXH :fXH (~,u)=7‘xH

For any high-level variable Xy, denote V§;(Xg) C Vg \ {X g} as the set of variables of V g that share an confounding
exogenous variable with X . Finally, denote Rx,, (u’) as the random variable Rx,, over the distribution P(Rx,, = rx,, |
U’ = u’) for some U’ C U.

Now redefine oc, as
P(og, = ¢;) = P(ci | 7(ci) = vmi, pay,, ,, Rve (vy ) (uc,))- (89)
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This now matches Eq. 7 in Sec. 2, with uy,, = being used as a shorthand for Ry (v, ) (ug, ). Intuitively, the soft intervention
over C; now also depends on U, but only in the way that it affects the functions of the confounded neighbors of Vi ;.
Notably V¢, (Vi ;) does not contain Vi ; itself, so Ug; is still free to vary in ways that affect fVH,i but not any other
function.

Two important points must be clarified to avoid ambiguity when considering queries that contain interventions over multiple
variables. First, oc, (Vi 4, pay, ., uc;) is applied at most once for each value of vy ; in 7(Q), so if there are multiple
terms Y H,i[xy ;) that share the same intervention (e.g., Vg,; = vp,; in both X1 and xg 2), then o, is only sampled once
and is used for both terms. However, if Vg ; = vg,; in xg,1 but Vg ; = v}{,i in Xp 2, then it is sampled separately even
though Vg ; is in both terms. Second, if two high-level variables in the same intervention are confounded, interventions on
both variables are performed according to o, with V¢ (Vg ;) remaining the same, ignoring the fact that the confounded
neighbor is being intervened. These conditions are set to allow low-level queries to match corresponding high-level

queries without generating semantic differences between identical high-level queries that are written in different forms (e.g.,
P(Y,,Z,)=P{Y,Z}:)).

C. Additional Examples

In this section, we provide additional examples to illustrate the key points of the paper.

The main limitation that this paper aims to address is the requirement of the abstract invariance condition (AIC) in Def. 5. A
commonly cited example of this issue is about the abstraction of the two types of cholesterol, HDL and LDL, as shown
below.

Example 6. Consider a study on the effects of diet on heart disease. Having an unhealthy diet (X) can raise the risk of
heart disease (YY) depending on its cholesterol content. Cholesterol comes in two forms, called high-density and low-density
lipoproteins (HDL and LDL, respectively), where HDL is believed to lower heart disease risk while LDL increases it
(Steinberg, 2007; Truswell, 2010). Suppose the study is simplified to binary variables, and the true model M, is:

Uy ={Ux,Uc1,Uc2, Uy} (90)
V. = {X,HDL,LDL,Y} 1)

X f)[(’-(’UJX) =Uux

HDL + fE& =

Fr, = ffDL(%UCl) T Duct ©2)
LDL « fipr(x,uce) =z & ucs

Y « fE(hdl,ldl, uy) = (ldl A =hdl) © uy

P(Ux =1) =05
P(Ucy =1) = 0.1
P(U,) = 93
(Uz) P(Ugs =1)=0.1 ©3)
P(Uy =1)=0.1

It can be computed from M, that a person is more likely to get heart disease if their diet consists of higher LDL levels and
lower HDL levels, notably

PMY(Yypr—oLpr—1=1) = 0.9, (94)
PMy(Yypr—1.1pn—0 = 1) = 0.1. 95)

Now, suppose a data scientist decides to abstract HDL and LDL together into a variable called “total cholesterol” (TC),
defined as

TC =HDL+ LDL. (96)
This naturally leads to the choice of intervariable clusters
C={C, ={X},Co={HDL,LDL},C;3 ={Y}}, o7
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and intravariable clusters

tCQ

For the other clusters, the variables remain the same.

= {(HDL = 0, LDL = 0)}
= {(HDL =0,LDL = 1),
(HDL = 1,LDL = 0)}
={(HDL =1,LDL = 1)}.

(98)

Let 7 be the constructive abstraction function defined with this choice

of C and D (i.e. 7c, (hdl, ldl) = hdl + 1dl).

A violation of the AIC arises due to the grouping of values (HDL = 0, LDL = 1) and (HDL = 1, LDL = 0) into the
same intravariable cluster. To witness, note that 7¢, (HDL =0,LDL =1) = 7¢,(HDL =1,LDL =0) = (TC =1).
Consider two queries Q1 = P(Yupr—o,Lpr=1 = 1) and Q2 = P(Yypr=1,Lpr=0 = 1), and recall from Egs. 94 and 95
that Q1'% = 0.9 and Q9"'* = 0.1. However, since 7¢, (HDL = 0, LDL = 1) = 7¢,(HDL = 1, LDL = 0) = (TC =
1), both @1 and @5 have the same high-level counterpart (i.e., 7(Q1) = 7(Q2) = P(Yrc=1 = 1)). No choice of My over
'V i can be both Q-7 consistent and Q-7 consistent with M, because PM# (Yre=1 = 1) cannot both be equal to 0.9
and 0.1.

This holds true fundamentally on the SCM-level as well. Note that a T-abstraction with this choice of 7 cannot exist for M,
for similar reasons. Specifically, note that

:0) :17
0,

99)
(100)

Yiapr—o,Lor=1)(Uy

Yriapr=1,LoL—0(Uy = 0)

but Yiirc—1)(7u(Uy = 0)) cannot both be equal to 0 and 1. This violates Eq. 17, implying that no such 7-abstraction can
exist. ]

Below, we give an example of an SCM projection followed by a partial SCM projection for comparison.

Example 7. For concreteness, consider a setting in which different insurance companies (Z) offer various insurance plans
(X), which affect whether an insurance claim is approved (Y'). For simplicity, suppose there are two insurance companies
(21 and z2) which offer three different insurance plans (z1, 2, and x3), and the claim is either approved (Y = 1) or not
approved (Y = 0). Suppose the true model M* = M is described as follows.

U,  ={Uz, UL U% UL U U}
Vi ={Z,X,Y}
fé(“Z) =uyz
e s
UX zZ = Z2
" ) uy =
M= fE(r,ub,udbud) =Qud =, (101)
’I,L%/ Tr = T3
P(Uz =2z)=PUyz = 2)=05
pUy) = 4 PWk =@1) =04, P(U =22) = 0.1, P(Ux = 3) = 0.5
P(U% = 1) = 0.1, P(U} = 23) = 0.4, P(U} = 23) = 0.5
P(U =1)=09,P(U2 =1) = 0.1, P(U} = 1) = 0.9

The interpretation of the model is as follows: Insurance plans z; and x5 are very effective, with 0.9 probability of claim
acceptance, while z is very ineffective at only 0.1 probability. Insurance company z; is more reputable than z, and is more
likely to offer plan z; over x5, while company z5 prefers to offer plan x5 over z;.

A data scientist may be interested in studying which insurance company (z7 or 23) is the better company for getting claims
approved. In this case, the specific plan X that is being used may not be relevant. One may wish to instead study only the
set of variables {Z, Y}, excluding X from the set. In other words, the SCM of interest is the SCM projection of M, to the
variable set Vg = {Z,Y}. The SCM projection of M, over Vj is quite straightforward to specify.
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Uy =UL
Vy ={Z,Y}
JZ (uz) =uy
My = Fu _ ul fE(zuk,u) =2 (102)
ff(z,uk,ug(,u%/,uf/,u‘;’/) = u%’ f)[é('z?u}(’u%() = T2
uy fE(zuk,u¥k) = a3
P(UL) =P(Un)

With X excluded from the model, the functionality of X is projected into the function of its child, Y. Hence, the natural
construction of the SCM projection M g is simply the same as the construction of Mz, but with fy computing X internally
using fx (comparing Eq. 3 with Eq. 102). It is not difficult to verify that computations of values of Z and Y under any
choice of U, remains the same in both models. Consequently, the induced PCH distributions are also the same, and M g
can be viewed simply as M, but ignoring X.

Example 8. Continuing the insurance example in Ex. 7, suppose an important factor of consideration not shown in
the model is that 21 and z9 are cheaper insurance plans, while z3 is more expensive. A data scientist who is studying
this model may choose to abstract the different plans away, categorizing them simply as “cheap” and “expensive” plans.
Formally, they would study a set of higher-level variables Vi = {Zg, Xy, Yi }, where Zg = Z, Yy =Y, and X has a
domain Dx,, = {z¢,x g} corresponding to cheap and expensive plans respectively. There exists an abstraction function
7 : Dy, — Dy, such that 7 maps z; and z3 to z¢ and maps z3 to xx. We will use the notation Z and Y instead of Z g
and Yy since the variables are the same. Note that in the new abstraction model My, X is not removed entirely, but it is
reduced down to only two possible values instead of three.

One possible method of accounting for this is as follows. First, redefine X into two parts, X° and X, where X represents
the observed portion of X and X" represents the unobserved portion. X can simply be defined as 7(X'). However, when
X° = z¢, it is ambiguous whether X = x1 or z5. Define X* as a binary variable, where, whenever X° = z¢, X" =0
represents X = x; while X* = 1 represents X = x5. X“ can be thought of as an indicator variable disambiguating any
loss of information of X °. Putting everything together, one can construct M g as follows.

Uy :ULU{XU}
Vg ={Z,Xu,Y}
fH (uz) =ugz
f)}(I(Z’u.%(vug() :T(f)L((Z’u.%(vug())
Fu = ul 2°=x20,2%=0
M,y — Y ) 103
= fﬁ(z,x“,x“,u%/,u%,,ug’,) =qu} z°=z0c,2%=1 (105)

uy z°=zp
P(Ug) =PUL)P(X°|UL)
P(X°=0|UL)=P(X =u1 | X € {z1,22})
P(X°=1|UL)=P(X =x | X € {z1,72})

Note that in this model, f{ is trying to retain the same functionality as f{, but it is only given X as input instead of X.
To disambiguate between X = x; and X = z9, which both map to Xz = z¢, it utilizes the new exogenous variable X,
whose probability is based on the probability of whether X is z1 or 5. In doing so, f{ can mimic the functionality of f
in the sense that the lost information for X is partially projected into the exogenous space. |

D. Experimental Details

In this section, we add further details to the experiments
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D.1. Projected C-DAG Experiment

The first experiment tests the necessity of the projected C-DAGSs in an estimation task where the AIC does not hold. The
setting is described by three variables Vi, = {Z, X, Y}, and the low level model is described as

e Z is a 10-dimensional one-hot encoding (D7 = {0, 1}'°) of a digit from 0-9, and it samples one uniformly at random.

* X is an MNIST image (R3*32%32) of the digit of Z. It is colored either red or blue and is shaded either light or dark.
If the digit is odd, there is a 0.9 probability that the color will be red and 0.1 that it will be blue. The odds are flipped if
the digit is even. Blue digits have a 0.7 probability of being light and 0.3 of being dark, and the odds are flipped for red
digits.

* Y is alabel (Dy = {0,1}) that predicts whether X is red (Y = 1) or blue (Y = 0), but it is incorrect with 0.1
probability.

On the high level, Z and Y remain the same, but 7(X) = Xp, where Xy is a binary variable (Dx,, = {0,1}) that
represents whether X is light or dark.

The corresponding causal diagram G is shown in the Lh.s. of Fig. 3(a), which is also the C-DAG G¢. The r.h.s. shows the
projected C-DAG Qé, which is a result of X being an AIC violator.

The query being estimated is P(Yx,,—1 = 1 | Z = 0), or the probability that Y predicts red under the intervention of
forcing the image to be a light image, and conditioning on the digit being 0. The results are shown in Fig. 5. Three different
GAN-NCMs (Xia et al., 2023) are trained. The first (red line) is a G-NCM that is trained directly on the low-level data
and attempts to estimate the low-level query without abstractions. The second (yellow line) is a Gc-NCM trained on the
high-level data and is constrained by the C-DAG. The third (blue line) is similar to the second except it is a gg:-NCM,
constrained by the projected C-DAG. 95% confidence intervals of the errors across 10 trials are plotted in the figure.

D.2. Colored MNIST Sampling Experiment

The second experiment shows the ability of causal generative models to generate samples from causal queries involving
high-dimensional images. The setting is described by three variables V;, = {D, C, I'}, and the low level model is described
as

D and C are 10-dimensional one-hot encodings (Dp = D¢ = {0, 1}° representing digits from 0-9 and colors from a
spectrum respectively. Each digit is correlated with a color, a consequence of confounding. The correlated colors are
shown on the right side of Fig. 6. A digit has a 0.9 probability of being its assigned color with a 0.1 probability of
deviating.

« I is a corresponding MNIST digit (D; = R3*64%64) with color C and digit D.

The corresponding causal diagram is shown on the left side of Fig. 6. The results are shown in Fig. 4, demonstrating
the ability for each of the methods on the left to sample images from the queries on the top. The non-causal approach
simply trains a conditional GAN to sample image given digit. The RNCM (Xia & Bareinboim, 2024) maps images to
a learned representation (i.e., 7 is learned), which serves as the high-level space. However, due to AIC limitations, the
dimensionality of Xz must remain high. When Dx,, € R, the RNCM is able to sample the digits properly. However,
when Dy, € {0,1}, the RNCM is unable to get enough expressivity from the representation to perform the sampling. In
contrast, the projected sampling approach, which trains a sampling model on top of the high-level model to sample from
Eq. 7, is still able to reproduce the images despite the low-dimensional representation.

27



